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Abstract
Even in the absence of clocks, time bounds on the duration of actions enable the use of time for
distributed coordination. This paper initiates an investigation of coordination in such a setting. A new
communication structure called a zigzag pattern is introduced, and shown to guarantee bounds on the
relative timing of events in this clockless model. Indeed, zigzag patterns are shown to be necessary and
sufficient for establishing that events occur in a manner that satisfies prescribed bounds. We capture
when a process can know that an appropriate zigzag pattern exists, and use this to provide necessary and
sufficient conditions for timed coordination of events using a full-information protocol in the clockless
model.
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1 Introduction
Coordination is a fundamental task in distributed systems. The order in which events take place, and often
also the relative timing of the events, can be of primary concern in many applications. Timing of actions can
be useful, for example, when we wish to dispatch trains in a manner that ensures proper use of critical single-
lane sections of the track, or schedule plane takeoffs to alleviate unnecessary congestion at the destination
airports.
In asynchronous systems processes have no access to clocks and, furthermore, they have no timing
information except for what they can obtain based on the happens-before relation of [21]. In such systems,
only the ordering of events can be determined, and not their relative timing. Using accurate clocks, it is
possible to orchestrate much more finely-tuned temporal patterns of events at the different sites than in the
asynchronous setting. Moreover, this can often be achieved using significantly less communication [22, 5].
Of course, clocks are not always available, and when they are, maintaining clocks accurate and in synchrony
is far from being automatic. But even when processes do not have access to clocks, bounds on the timing
of communication and of actions are routinely monitored, and system designers can often have access to
reliable timing information [13].
This paper initiates an investigation of the use of time for distributed coordination when processes do not
have clocks, but do have bounds on the duration of events and of communication. We call this the bounded
communication model without clocks (or the “clockless model” for short), and denote it by bcm. It is not a
priori obvious that the clockless model is any more powerful than the asynchronous model. We will show
that it is. Throughout the text we will use notation borrowed from [30] that states timed precedence between
events. We write e x−−→ e′ to state that the event e takes place at least x time units before e′ does.1 In an
asynchronous system, only the relative ordering of events can be coordinated, and not their timing. Thus, for
example, the only way to ensure that an action b is performed by process B no more than 10000 time steps
before a is performed by process A (in our notation, this is denoted by a −10000−−−−→ b) is by having B perform b
after a. This is far from optimal, of course, as b could be performed way before a. Similarly, the only way
that B can be sure to act before A does, is if a cooperates, and waits until a message chain from B informs
it that b has been performed. As we shall see, in the clockless model it is possible to allow B (or A) to act
much earlier. In this paper, we will focus on two basic coordination problems in which B should act in a
manner that is causally and temporally related to A’s action, without requiring A to adjust its own decision
to act, and often without requiring any communication between the two.
Definition 1 (Timed Coordination). Given processes A, B and C, suppose that A performs the action a
when it receives a “go” message from C. Moreover, assume that C’s decision to send this message is
spontaneous. We define two coordination problems:
Early〈b x−−→ a〉, in which B should perform b at least x time units before a is performed; and
Late〈a x−−→ b〉, in which similarly B should perform b at least x time units after a is performed.
In both cases, b should be performed in a run only if a is performed.
In each of these coordination problems,A acts unconditionally when it receivesC’s message. ProcessB
needs to perform b only if it can do so in a manner that conforms to the stated bounds.
Suppose that we wish to ensure that a 0−−→ b, i.e., that a occurs no later than b. We can of course ensure
this by creating a message chain from A to B, which starts at or after the occurrence of a. Once the final
1As discussed in [30], although e x−−→ e′ states a lower bound of x on the time difference between the events (i.e., te′ ≥ te+x),
the same notation can also be used to state upper bounds. Since te′ ≤ te+ y is equivalent to te ≥ te′ − y, we can capture an upper
bound of y on how much later e′ occurs by e
−y−−→ e′.
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message in this chain is received, b can safely be performed. In an asynchronous system, such a message
chain would be necessary. Is it possible to ensure in our model that a happens before b without creating a
message chain from A to B?
b
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Figure 1: Coordination without direct communication
Let us return to the question of ensuring that a x−−→ b for a general value of x, and consider the example
depicted in Figure 1. Here process C simultaneously sends messages to A and B. Let us denote byUCA the
upper bound on message transmission times for the channel CA, and by LCB the lower bound for CB. It is
easy to check that if LCB ≥ UCA+ x then B is guaranteed to receive C’s message no less than x time units
after A receives it. In that case, as A is assumed to perform a upon receiving C’s message, it is possible to
ensure that b happens at least x time units later than a, by having B perform b upon receiving C’s message.
Notice that this guarantees a (timed) causal connection between actions at A and at B even without any
communication between A and B.
Clearly, the analysis underlying the example of Figure 1 remains valid if we replace each of the direct
messages from C to A and B by a message chain, and replace the condition LCB ≥ UCA + x by a require-
ment that the sum of lower bounds along the chain from C to B exceeds x plus the sum of upper bounds
along the chain from C to A. We remark that, in a precise sense, the asynchronous solution (for a simple
happened-before requirement) is an instance of Figure 1 in which C = A, and LCB > 0 = UCA.
Note that if LCB < UCA + x then, by waiting for more than δ = UCA − LCB + x time units before
performing b, process B would also ensure that a takes place x time units before b does. But we are
assuming that B has no clock or timer that it can use to measure the passage of δ time steps. It can only use
bounds on communication or internal actions to estimate the passage of time. We remark that in current-day
technology, clocks and timers are often available. A vast portion of computer chip come with built-in clocks,
and highly accurate clock synchronization algorithms are by now standard [17]. But this does not cover all
distributed systems of interest. Indeed, it is becoming popular to consider biological systems such as the
brain or human body as instances of distributed systems. There, no explicit clock can be found, although
timing appears to play a role [19, 6]. Another setting that fits the bcm model is that of asynchronous (or
self-timed) VLSI circuits, where there is no clock but there are bounds on data transfer along wires and on
delays of gates [31].
A natural question at this point is whether the pattern depicted in Figure 1 is typical for coordinating
actions based on transmission bounds. In other words, is this essentially the only way in which B can
guarantee that a will be performed (sufficiently long) before b in the clockless model? Interestingly, the
answer is No. Consider the scenario depicted in Figure 2a. In this case E sends a message to B and to D,
while C sends a message to D and to A. Moreover, D receives C’s message before it receives E’s message.
Finally, A performs a upon receiving C’s message, and B performs b when it receives the message that E
sends. As depicted in Figure 2a, denote the sending times of C and E’s messages by tc and te. Moreover,
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Figure 2: A zigzag communication pattern
let ta and td be the times at which A and D receive C’s message, and let tb the time at which B receives E’s
message. Clearly, b is performed no earlier than time te + LEB, yielding inequality (i) below. Similarly,
the action a is performed no later than time tc + UCA, yielding inequality (iv). However, the fact that E’s
message toD arrives after C’s message arrives implies that te can not be pushed “too far” back relative to tc.
After all, the message along ED took no more than UED time units (inequality (ii)), and the one along CD
took no less than LCD (inequality (iii)). Altogether, we have:
.
(i) tb ≥ te +LEB,
(ii) te > td −UED,
(iii) td ≥ tc +LCD, and
(iv) tc ≥ ta −UCA.
By substitution, we have that tb > ta −UCA +LCD −UED +LEB. Thus, tb > ta + x is guaranteed in
this case if
−UCA +LCD −UED +LEB ≥ x. (1)
The reader may correctly suspect at this point that the zigzag pattern of Figure 2a can be extended by
adding an arbitrary finite number of additional zigs and zags. Indeed, in that case a more elaborate condition
in the style of Equation (1), based on a longer derivation, will ensure that a happens more than x time units
before b. The first result of our analysis is a proof that this is tight. We will show that, in a precise sense,
the existence of an appropriate zigzag pattern is a necessary condition for B’s performing the action b in
Late〈a x−−→ b〉 or Early〈b x−−→ a〉.
Since a zigzag pattern is necessary, we have by the Knowledge of Preconditions principle of [29] that B
must know that a zigzag pattern exists when it performs b. Interestingly, even if the processes follow a full-
information protocol,2 the existence of a zigzag pattern does not necessarily enable process B to correctly
coordinate its action. In a run containing the pattern of Figure 2a, for example, if B receives no messages
from D, then B would not be able to detect the existence of the zigzag pattern, because in the eyes of B it
may be possible that C will send its messages only in the far future.
There are, of course, cases in which B can detect that an appropriate zigzag pattern exists. In such a
case, B can decide to perform its action b and be sure that a happens before b. Consider Figure 2b. Suppose
that the bounds satisfy the condition of Equation (1). Moreover, let’s assume that every message contains a
header specifying who its intended recipients are. Once B receives E’s message (with an indication that it
was also sent toD), and receives a message fromD (denoted by a dashed line in Figure 2b) indicating thatD
heard from C before D heard from E, then B can perform b and be guaranteed to satsify Late〈a x−−→ b〉.
This is an instance of a visible zigzag pattern, which is a zigzag pattern that is extended by an appropriate set
2A full-information protocol (fip) is one in which every message sent encodes the sender’s complete history up to the point at
which it is sent.
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of message chains. Our analysis will identify particular visible zigzag patterns as necessary and sufficient
for B’s action in instances of Early〈b x−−→ a〉 or Late〈a x−−→ b〉.
This paper is organized as follows: Section 2 introduces the bounded communication model, protocols,
and standard aspects of causality. It also presents two ways of describing a point on a local timeline: Since
processes do not have access to clocks, one way is in terms of the local state that the process is in, and
another way is as the point at which a message chain arrives from a point of the first type. Section 3
introduces zigzag patterns and shows that they are necessary and sufficient for guaranteeing a precedence
relation. In Section 4 the notion of a visible zigzag pattern is introduced, and it is shown to be necessary and
sufficient for optimal behavior in a coordination task. Section 5 sketches the two variants of bounds graphs
used in our technical analysis, and sketches the ideas underlying the proofs of our main theorems. Finally,
Section 6 provides a discussion of our results, their implications, and direction for future work. Detailed
proofs of our theorems and claims appear in the appendix.
1.1 Related Work
Lamport’s seminal work [21] on the ordering of events in asynchronous systems introduced the happened
before relation, and initiated an orderly account of the role of causality in the ordering of events. Roughly
speaking, his work shows that the only way to implement instances of Late〈a 0−−→ b〉 in an asynchronous
setting is by constructing a message chain from A to B. Using the terminology of [21], one can consider
the causal past of an event in an asynchronous setting to be the set of events from which it has received a
message chain. In our analysis, this set also plays an important role. However, the bounds provide partial
information on the timing of events in the past, and, moreover, the past guarantees the occurrence of events
that are not seen by the process (i.e., they do not have explicit message chains to the process).
Clocks are very useful tools for coordinating actions in distributed systems (see, e.g., [25, 8, 9, 16, 27,
18, 26]). There is a vast literature on real-time systems and on time in multi-agent systems (see, e.g., [20]).
Clock synchronization based on bounds on message transmission times was studied extensively in the 70’s
and 80’s [1, 11, 10, 15, 23, 24, 32, 34]; see [33] for an early survey.
One important aspect that our work shares with the clock synchronization literature is the fact that
bounds on the duration of events or on transmission times play an important role. Indeed, some of our
technical analysis is based on bounds graphs that are strongly inspired by [32] and [30]. In particular, the
notion of timed precedence we use comes from [30]. Our study diverges from the existing literature in
the fact that no clocks or timers whatsoever are assumed, and the only timing information comes from the
observed events and the guaranteed bounds.
An early suggestion to use knowledge to study time and coordination appeared in [28]. Knowledge
theory has been used to investigate the protocols and communication patterns that can solve coordination
problems in systems with global clocks or accurate timers in [5, 2, 3, 4, 14]. In such settings, these works
provide tools for a wide variety of coordination tasks.
2 Model and Preliminary Definitions
2.1 The Bounded Communication Model
We focus on a simple setting of a communication network Net = (Procs,Chans) modeled by a directed
graph whose nodes are the processes Procs = {1, . . . , n} and whose edges are the communication channels
among them. We identify time with the natural numbers, N, where a single time step should be thought
of as the minimal relevant unit of time. There are lower and upper bounds on message transmission times
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per channel, specified by a pair of functions L,U :Chans→ N, that satisfy 1 ≤ Lij ≤ Uij < ∞ for all
(i, j) ∈ Chans.
Paths in Net are specified by sequences of process names. We denote a singleton sequence [i] simply
by i, and the concatenation of sequences p and q by p ·q. We define the composition of two sequences
p = [i1, . . . , ik, j] and q = [j, h1, . . . , hm] in which the last element of p coincides with the first element
of q by pq , [i1, . . . , ik, j, h1, . . . , hm]. We extend the notation of upper and lower bounds on message
transmission times to paths p = [i1, . . . , id] in the network graph by defining
L(p) ,
d−1∑
ik=1
Likik+1 and U(p) ,
d−1∑
ik=1
Uikik+1 .
For ease of exposition, actions are assumed to be instantaneous.3 A global state (or a snapshot of the
system) will have the form g = (`e, `1, . . . , `n), consisting of a state `e for the environment e, and one
local state `i for every process i ∈ Procs. A tuple γ =
(
(Net,L,U),G0
)
whose first component is a time-
bounded network as described above, and G0 is a set of possible initial global states, is called the context in
which a protocol operates.
A run r is an infinite sequence of global states. Thus, r(m) is a global state for every m ∈ N. We denote
by ri(m) process i’s local state in r(m). Processes can perform (application-dependent) local actions and
send messages along their outgoing edges. For simplicity, we will assume that the local state of a process
consists of an initial state followed by the sequence of events (local actions, message sends and message
receives) that the process has observed.
The bounds on message delivery are enforced by assuming the existence of a scheduler, which we call
the environment. The environment’s local state contains the current contents of all channels in Chans, and
for every message in a channel it also records the time at which the message was sent. At any point in time,
the environment can deliver messages to each of the processes. It can nondeterministically choose whether
or not to deliver a message µ in a channel (i, j) ∈ Chans at time t if the sending time tµ of µ satisfies
Lij ≤ t − tµ < Uij . The environment must deliver µ to j at time t if t − tµ = Uij . We remark that if a
message µ is delivered to i at time t in the run r, then i’s local state at time t, ri(t), will record the fact that i
received µ.
We assume a set E of external messages, where the environment may nondeterministically choose at
any point (t > 0) whether to deliver messages from E to an arbitrary process. Such delivery is spontaneous,
and is independent of other (past or present) events in the run. For simplicity we assume that a particular
external message of E can be delivered to at most one process in a given run. Since processes in the bcm
model have no clocks, we assume that their actions are event based. A process is scheduled to move only
when it receives messages (either external or internal).4 It can then perform a finite sequence of actions.
Recall that we assumed in Definition 1 that C’s decision to send a “go” message in an instance of
Early〈b x−−→ a〉 or Late〈a x−−→ b〉 is spontaneous. Formally, we will assume that there is a message µgo ∈ E
such that C will send the “go” message to A when it receives µgo.
Processes follow a protocol P = (P1, . . . , Pn), where Pi, process i’s protocol, is a deterministic function
of i’s local state. A specific class of protocols we use in this paper are what we call flooding full-information
protocols (FFIP). An FFIP is a protocol in which each process that receives a message immediately sends
a message, containing its entire local state, to all of its neighbors. In a precise sense, FFIP’s are general
protocols for bcm: Just as with standard full-information protocols in the synchronous model (see, e.g., [7]),
3Our analysis will apply even in the case in which actions extend over time. Such an action will be modeled as a special channel
from the process to itself, with lower and upper bounds for the channel. The invocation and completion of the action would each
be instantaneous events.
4In particular, processes do not spontaneously perform actions at time 0.
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it is possible to simulate any given protocol in the bcm model by one that communicates according to the
FFIP.
Given a protocol P and a bounded context γ =
(
(Net,L,U),G0
)
, we denote by R = R(P, γ) the set
of runs of P in context γ. We call it the system representing P in γ. A run r belongs to R exactly if (1)
r(0) ∈ G0, and (2) for all m > 0, r(m) is obtained from r(m − 1) following the rules described above. A
more formal definition appears in the appendix. Henceforth, whenever a system is mentioned, it is assumed
to have this form. We say that a given protocol P implements Early〈b x−−→ a〉 (resp. Late〈a x−−→ b〉) if in
all runs r ∈ R(P, γ) process A performs a when it receives the “go” message, and process B performs b
in r only if a is performed in r, and only at a time that is consistent with the specification of Early〈b x−−→ a〉
(resp. the specification of Late〈a x−−→ b〉).
2.2 Reasoning about bcm Systems
In the coordination problems Early〈b x−−→ a〉 and Late〈a x−−→ b〉 specified in definition 1, process B needs
to decide whether and when to perform a particular action b. In particular, it needs to estimate the relative
time difference between points on different processes’ timelines: It’s current point, and the point at which A
performs a. Because processes have no clocks, formally defining points on a timeline is somewhat subtle.
Rather than distinguishing the points along the timeline of a given process according to the times at which
they arise, to which processes have no access, one useful way is to identify a local point with the local state
of the process. We call a pair σ = (i, `) consisting of a process name and a local state for this process a
basic node. In order to emphasize its site i, we sometimes call such a node an i-node. We say that a basic
node σ = (i, `) appears in r if ri(m) = ` holds for some time m.
While the local state of a process in the FFIP protocol does not repeat twice in non-contiguous intervals
of the same run, a local state can remain constant along some time interval. During such an interval the
process cannot observe the passage of time; it observes only the state transitions. For a basic node σ = (i, `)
that appears in a run r, we define timer(σ) to be the minimal m such that ri(m) = `. This allows us to
treat a basic node as specifying a particular (externally observable) time in the run.5 While a run r can be
uniquely determined by the set of its basic nodes and their respective times, different runs can possess the
same set of basic nodes, and differ in their timing.
For a given site i, an i-node σ′ is called a successor of another i-node σ in r if timer(σ) < timer(σ′)
and there is no i-node σ′′ such that timer(σ) < timer(σ′′) < timer(σ′). If σ′ is the successor of σ, then we
call σ the predecessor of σ′.
Definition 2. Given a run r, we define Lamport’s happens-before relation among basic nodes that appear
in r, denoted by σ′  r σ, to be the minimal transitive relation that satisfies (i) Locality: If both σ′ and σ
are i-nodes and timer(σ′) ≤ timer(σ), then σ′  r σ, and (ii) if a message is sent in the run r from σ′
and delivered to σ, then σ′  r σ. We say that σ′ is in the past of σ in r if σ′  r σ, and we define
past(r, σ) , {σ′ : σ′  r σ}.6
General Nodes We view a process as having access to its local state, and hence to its current basic
node, at any point. Indeed, since processes are assumed to be following a full-information protocol, it also
has access to all basic nodes that appear in its past. But the points with which B should coordinate its action
(the points where A performs a) are often not in its past. So B is aware neither of the real time at which
they occur, nor of the basic nodes, since it cannot identify the local state of process A. Recall, however,
5Since processes act in an event-driven fashion, the time at which i acts in r when in local state ` is precisely timer(σ).
6 While we use a specific run r in the definition of “ r”, since we restrict attention to full-information protocols, the run does
not play an essential role, as if σ  r σ′ then this relation hold w.r.t. run in which both nodes appear.
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that processes are assumed to follow an FFIP protocol, in which whenever a process receives a message or
external input, it broadcasts this to all of its neighbors. So if σ′ ∈ past(r, σ) and σ′ is not an initial node
(i.e. not a node from time 0), then there are typically many message chains starting at σ′. It is with such
nodes that it may need to coordinate, and about whose timing we need to reason. We now define the class
of general nodes, which can be defined as being at the end of a path in the network from a given basic node.
We proceed as follows.
Definition 3. Let σ be a basic i-node, and p be a path in Net that begins at i, then 〈σ, p〉 is a (general) node
that describes the basic node that will receive the message chain that goes along p starting at σ. We say
that θ = 〈σ, p〉 appears in a run r if both σ appears in r, and p is a path in Net (so that there is a message
chain in r that leaves σ and goes along p).
Note that if p is a singleton (i.e. p = [i]), then σ is an i-node and θ = 〈σ, p〉 denotes σ itself. However, if
p is not a singleton, then θ corresponds to a basic node whose identity depends on the run in question. The
correspondence is defined as follows.
Definition 4. Let θ = 〈σ, p〉 be a node that appears in the run r ∈ R. The basic node that corresponds to θ
in r, basic(θ, r), is defined inductively as follows:
(a) If θ = 〈σ, j〉 (so p is a singleton), then basic(θ, r) = σ.
(b) Le p be non singleton, p = p′ · j, and basic(〈σ, p′〉, r) = σ′. If the message sent in r from σ′ to
process j is delivered at σ′′, then basic(〈σ, p〉, r) = σ′′.
General nodes will inherit properties from their corresponding basic nodes. Thus, we define timer(θ) ,
timer
(
basic(θ, r)
)
, we write θ  r θ′ iff basic(θ, r) r basic(θ′, r), and call θ an i-node if basic(θ, r)
is an i-node. For a j-node θ = 〈σ, p〉 of r and a path q in Net, where q begins at process j, it will be
convenient to write θq as shorthand for the node 〈σ, pq〉.
Clearly, a node θ′ = 〈σ′, p′〉 can appear in a run r only if σ′ appears in r. However, if σ appears in r and
σ′ 6 r σ, then σ might not be able to distinguish whether θ′ = 〈σ′, p′〉 indeed appears in the current run.
We shall say that a general node θ′ = 〈σ′, p′〉 is σ-recognized iff σ′  r σ. Note that in an FFIP protocol,
σ actually “knows” that every σ-recognized node appears in the run.
3 Zigzag Patterns and Timed Precedence
We adapt the notion of timed precedence from [30] to nodes in our setting. Formally, given a run r ∈ R,
we say that a run r satisfies θ x−−→ θ′, and write (R, r) |= θ x−−→ θ′, iff both (i) the nodes θ and θ′ appear
in r, and (ii) timer(θ) + x ≤ timer(θ′). (While the system R does not play a role in this definition, it is
included here because it will play a role in our later analysis.)
Our discussion in Section 1 shows that communication as in Figure 1 ensures that a
LCB−UCA−−−−−→ b, and
similarly that a pattern as in Figure 2a ensures a precedence as captured in Equation (1). We now define
general zigzag patterns and relate them to timed precedence. The basic building block is a two-legged fork
(see Figure 3):
Definition 5. A two-legged fork in r is a triple F = 〈θ0, θ1, θ2〉 of nodes of r, such that θ1 = θ0p1 and
θ2 = θ0p2, for process sequences p1 and p2. We denote base(F ) = θ0, head(F ) = θ1, and tail(F ) = θ2.
In a two-legged fork, there are direct message chains (possibly empty) from the base node to the head
and to the tail of the fork. Figure 1 is an example of a two-legged fork in which the message chains consist
of single messages, while Figure 3 depicts one with longer paths from the base node to head and tail nodes.
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Figure 3: A two-legged fork F = 〈θ0, θ1, θ2〉.
Let θ be an i-node, and let F = 〈θ, θp1, θp2〉 be a two-legged fork in r. We define the weight of F to
be
wt(F ) , L(p1)−U(p2).
In Figure 1, for example, wt(F ) = LCB −UCA. The existence of a two-legged fork F in r with tail θ1 and
head θ2 implies that (R, r) |= θ1
wt(F )−−−−→ θ2.
A Zigzag pattern is made of a sequence of suitably composed two-legged forks. Roughly speaking, the
head of each fork should be on the same timeline as, but appear no later than, the tail of the next fork in the
sequence. If they coincide at the same basic node the forks are called joined. Otherwise, the tail will be at
least one time unit later than the preceding head. More formally, we define
Definition 6. A zigzag pattern from node θ to θ′ in the run r is a sequence Z = (F1, . . . , Fc) of two-legged
forks in r, with c ≥ 1, such that tail(F1) = θ and head(Fc) = θ′. Moreover, if c > 1 then for every
k = 1, . . . , c − 1 there is a process j such that both head(Fk) and tail(Fk+1) correspond to j-nodes, and
timer(head(Fk)) ≤ timer(tail(Fk+1)).
Figure 2a depicts a zigzag pattern consisting of c = 2 forks, which are not joined, since the head of the
lower fork and the tail of the upper one correspond to distinct nodes on D’s timeline.
The notion of weight extends to zigzag patterns. Consider a zigzag pattern Z = (F1, . . . , Fc), and
denote by S(Z) the number of forks Fk ∈ Z that are not joined to their successor (i.e., head(Fk) strictly
precedes tail(Fk+1)). The weight of Z is defined by
wt(Z) ,
c∑
k=1
wt(Fk) + S(Z).
We can thus justify the claim that zigzag patterns are sufficient for establishing timed precedence in bcm
systems:
Theorem 1 (Zigzag Sufficiency). Let Z be a zigzag pattern from node θ1 to θ2 in the run r ∈ R. Then
(R, r) |= θ1
wt(Z)−−−−→ θ2.
The intuition is that each fork implies a timed precedence between its tail and its head, and the con-
catenation of forks in the zigzag pattern introduce a simple timed precedence between the head of one fork
and the tail of its successor. Recall that, by assumption, if the successive forks are not joined, then they are
separated by at least one time unit.
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What is perhaps more instructive than Theorem 1 is that, in a precise sense, the only way to guarantee
a timed precedence relation is via a zigzag pattern of this type. More formally, we say that a system R
supports the statement θ1
x−−→ θ2 if, for all r ∈ R, if one of the nodes θ1 or θ2 appears in r, then both nodes
appear in r, and (R, r) |= θ1 x−−→ θ2. We can show:
Theorem 2 (Zigzag Necessity). Suppose thatR supports θ1 x−−→ θ2. Moreover, assume that θ1 and θ2 both
appear in a run r ∈ R, with timer(θ1) > 0 and timer(θ2) > 0. Then there is a zigzag pattern Z in r from
θ1 to θ2 with wt(Z) ≥ x.
Suppose that a protocol guarantees a particular time precedence constraint among a given pair of actions.
Then it must ensure the existence of an appropriate zigzag pattern in the run. We remark that the requirement
that timer(θ2) > 0 in the theorem ensures that the node θ2 is not an initial node. In our model, protocols
cannot perform actions at initial nodes, and precedence among initial nodes can be obtained without the
existence of zigzags.
4 Using Zigzag Causality for Coordination
Theorems 1 and 2 show that zigzag patterns are necessary and sufficient for ensuring that a precedence
relation between two nodes holds. It follows, for example, that B can act in an instance of Early〈b x−−→ a〉
only at a node that is the tail of a zigzag pattern of weight x whose head is the node at which A performs a.
(Similarly, the roles of head and tail need to be reversed for an instance of Late〈a x−−→ b〉.) However, as
discussed in the introduction, it is not guaranteed that a node at either end of the zigzag pattern is able to
detect the existence of the pattern, and such endpoint node might not know that the necessary precedence
condition holds.
We will show that in order to act in one of the two coordination tasks we are considering, B must know
that θ1
x−−→ θ2 holds, for the two nodes at whichA andB act. Next, we will characterize the communication
patterns that give rise to such knowledge of a timed precedence, and thus are necessary for coordinating A
and B’s actions. We start by defining an appropriate notion of knowledge for the bcm model, which will
allow us to formulate and prove these results.
4.1 Reasoning About Coordination
Our focus is on coordinating actions at different sites in a manner that satisfies temporal constraints. We
use the notion of knowledge of [12] to reason about what a process knows about the relevant aspects of the
timing of events. We now describe just enough of the logical framework to support our analysis.
Two runs r, r′ ∈ R are said to be indistinguishable at the basic node σ, which we denote by r ∼σ r′,
if σ appears both in r and in r′. Intuitively, if σ = (i, `) appears in both runs, then when i’s local state is `,
it cannot distinguish whether the run is r or r′. Knowledge is the dual of indistinguishability. I.e., a fact is
known at a node if it is true of all indistinguishable runs. In particular, in this paper, we focus on knowledge
of precedence statements at basic nodes. We write (R, r) |= Kσ(θ1 x−−→ θ2) to state that in the run r ∈ R
the precedence statement is known at the basic node σ. It is formally defined as follows:7
(R, r) |= Kσ(θ1 x−−→ θ2) iff (R, r′) |= θ1 x−−→ θ2 . holds for
for all r′ ∈ R such that r ∼σ r′.
When performing the action b in
solving a coordination problem such as Early〈b x−−→ a〉 or Late〈a x−−→ b〉, process B must know that
7It will suffice to define knowledge at basic nodes, here, since our analysis does not concern knowledge about what is known
at other nodes. For a more general treatment, it is possible to define (R, r) |= Kθp to hold precisely if (R, r) |= Kσp holds at
σ = basic(θ, r).
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its current basic node satisfies the required precedence condition with respect to the node θ′ at which A
performs its action a. This is formalized as follows.
Theorem 3. Suppose thatC sendsA a “go” message at basic node σC in run r ∈ R = R(P, γ), and thatB
performs b at node σ in r. If P implements Late〈a x−−→ b〉 then (R, r) |= Kσ(σC · A x−−→ σ). Similarly,
(R, r) |=Kσ(σ x−−→ σC ·A) if P implements Early〈b x−−→ a〉.
By Theorem 3, B cannot perform b in a protocol solving one of the coordination tasks of Definition 1
unless it knows that it is at a node satisfying an appropriate temporal precedence to the one at which A
performs a. Since such knowledge is also a sufficient condition for B’s action, we can obtain an optimal
solution for the coordination tasks by characterizing when the corresponding knowledge statements hold.
So, an optimal protocol for B when performing the coordination tasks of Definition 1, is:
Protocol 1. In local state `, denoting σ , (B, `): If B has not performed b yet, and C sends a “go”
message at a basic node σC  r σ, then:
• For Late〈a x−−→ b〉: If (R, r) |= Kσ(σC · A x−−→ σ), then perform b.
• For Early〈b x−−→ a〉: If (R, r) |= Kσ(σ x−−→ σC · A), then perform b.
This description of the optimal protocols is made in terms of B’s knowledge about timed precedence
between nodes. Our goal is to translate this into a more concrete description, in terms of the commu-
nication pattern that is recorded in B’s local state. We will do so at once for both problems by solv-
ing a more general problem. I.e., we will characterize the communication patterns that determine when
(R, r) |= Kσ(θ1 x−−→ θ2) holds, for general nodes θ1 and θ2.
It can be shown (and will follow from our results) that in order to know that θ1
x−−→ θ2, a node σ must
know that a zigzag pattern of weight at least x connects these two nodes. In contrast to the case of message
chains in asynchronous systems, information does not flow along a zigzag pattern. Indeed, it does not pass
from the tail of a fork to its head, or vice-versa. The shape and existence of a zigzag pattern depends on
whether or not the head of one fork occurs before the tail of its successor (e.g., at nodeD in Figure 2a). Thus,
roughly speaking, the only way in which σ can observe that a zigzag pattern exists is by being informed of
the ordering among adjacent forks. Moreover, if σ does not belong to the top fork in the pattern, then it must
also be informed of the existence of this fork. We thus define:
Definition 7 (Visible Zigzag). Let σ be a node of run r ∈ R, and let Z = (F1, . . . , Fc) be a zigzag
pattern in r. Then Z is called σ-visible in r if both (i) head(Fk)  r σ for all 1 ≤ k ≤ c − 1, and (ii)
base(Fc) = 〈σ′, p′〉 for a node σ′  r σ.
In Figure 4 we see a σ-visible zigzag Z = (F1, F2, F3) from θ1 to θ2. Note that head(F1)  r σ and
head(F2) r σ, and so σ knows that tail(F2) doesn’t appear before head(F1), and tail(F3) doesn’t appear
before head(F2). We remark that the definition of a σ-visible zigzag does not require a path from the base
of other forks to σ, because for all forks except the top one, there is a path consisting of a message from the
base to the head and, by condition (i), a path from the fork’s head to σ. We can now show:
Theorem 4 (Visible Zigzag Theorem). Let R = R(P, γ) and suppose that P is an FFIP. Moreover, let σ
be a basic node of r ∈ R, and let θ1 and θ2 be σ-recognized nodes in r, such that both timer(θ1) > 0 and
timer(θ2) > 0. Then (R, r) |= Kσ(θ1 x−−→ θ2) iff there exists a σ-visible zigzag pattern Z from θ1 to θ2
in r with wt(Z) ≥ x.
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Figure 4: A σ-visible zigzag pattern from θ1 to θ2
The Visible Zigzag Theorem provides a precise characterization of the pattern of communication that is
necessary and sufficient for knowledge at σ of precedence among timepoints at distinct sites of the system.
This is a fundamental aspect of information flow in bcm systems. The fact that a σ-visible pattern is suffi-
cient for such knowledge appears reasonable given our analysis so far. The main technical challenge is to
prove the converse: that such a pattern is also necessary.
We can now rephrase the optimal protocol defined before (Protocol 1), in terms of concrete communi-
cation patterns:
Protocol 2. In local state `, denoting σ , (B, `): If B has not performed b yet, and C sends a “go”
message at a basic node σC  r σ, then:
• For Late〈a x−−→ b〉: If there is a σ-visible zigzag pattern Z in r from σC · A to σ with wt(Z) ≥ x, then
perform b.
• For Early〈b x−−→ a〉: If there is a σ-visible zigzag pattern Z in r from σ to σC · A with wt(Z) ≥ x,
then perform b.
The visible zigzag patterns of Protocol 2 are instances of Figure 4, in which one of the endpoints of the
pattern is σ in itself. The pattern for Late〈a x−−→ b〉 is illustrated in Figure 5. Note that there is no need
for a separate message chain from base(Fc) to σ in this pattern, because base(Fc) r σ = head(Fc) holds
the two-legged fork Fc, and so condition (ii) of Definition 7 is trivially guaranteed. In the pattern for the
case of Early〈b x−−→ a〉 we have that σ = tail(F1) = θ1. It contains all of the message chains depicted
in Figure 4.
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Figure 5: A visible zigzag pattern for Late〈a x−−→ b〉
While the conditions described above for the optimal protocol are more figurative (communication pat-
terns), there are actually simple algorithms to check for their truth (using a structure that is described next),
but this is beyond the scope of this paper.
5 Highlights of the Analysis
In this section we survey the general approach used for proving our main results. Of course, the essence
of the analysis has to do with extracting knowledge about timing from the actual communication in a run,
given the a priori bounds on message transmission times. This has been considered in the literature, for
example, in the work on clock synchronization [1, 11, 10, 15, 23, 24, 30, 32, 34].
time
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 j
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Figure 6: The bound edges created by a direct message
Inspired by [30, 32], we use a weighted graph to capture the timing guarantees provided by the system,
and to reason about time differences between local timepoints in a given run r.
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Definition 8. Given a run r ∈ R, the basic bounds graph for r is a graph GB(r) = (VB, EB, w), where
VB are the basic nodes that appear in r. The edges of EB are defined as follows: (a) If σ and σ′ are i-nodes
(for the same process i) and σ′ is the successor of σ, then (σ, σ′) ∈ EB , and w(σ, σ′) = 1. (b) If some
message sent at an i-node σi in r is received at a j-node σj , then both (σi, σj) ∈ EB and (σj , σi) ∈ EB ,
with w(σi, σj) = Lij and w(σj , σi) = −Uij .
For an illustration of clause (b), see Figure 6. The basic bounds graph captures timed precedence infor-
mation about the temporal relation among basic nodes: (a) is justified by the fact that successive nodes are
at least one time step apart, while (b) embodies the upper and lower bounds on message transmission times.
Figure 6 illustrates the edges of GB that are induced according to case (b) by a single message delivery. It
is straightforward to check (see, e.g., [30]) that
Lemma 1. Let p be a path connecting nodes σ and σ′ in GB(r). If w(p) = x, then (R, r) |= σ x−−→ σ′.
Figure 7 highlights a path in the bounds graph that captures the timing guarantees implied by the zigzag
pattern of Figure 2a via Lemma 1.
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Figure 7: A path in the bounds graph justifying Equation (1)
In addition to imposing a precedence constraint, a path in GB(r) induces a zigzag pattern in the run r.
More precisely:
Lemma 2. If p is a path connecting nodes σ and σ′ in GB(r), then there exists a zigzag pattern Z in r, from
σ to σ′, with wt(Z) = wt(p).
The faint lines in Figure 7 show the zigzag communication pattern underlying the path in GB(r), which
is depicted by the solid lines.
We now give a sketch for the proof of Theorem 2. Assume that R supports σ1 x−−→ σ2, for two basic
nodes σ1 and σ2 that appear in r. By Lemma 1, each path between σ1 and σ2 in GB(r) defines a constraint
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on the difference of their times. I.e., if p is a path between σ1 and σ2, then (R, r) |= σ1
wt(p)−−→ σ2. The longer
the path is, the stronger the constraint. Thus, we are interested in finding the longest path from σ1 to σ2.
Assume that p is the longest path (between σ1 and σ2). Our main claim is that there exists a run r′ ∈ R
such that GB(r) = GB(r′), both σ1 and σ2 appear in r′, and timer′(σ2) = timer′(σ1) + wt(p). This means
that the constraint dictated by the longest path p is tight (a similar argument appears in [32]). By definition
of “supports”, we obtain that timer′(σ2) ≥ timer′(σ1) + x and so wt(p) ≥ x. By Lemma 2 there exists in r
a zigzag pattern Z from σ1 to σ2, with wt(Z) = wt(p) ≥ x, just as stated in Theorem 2.
But what if GB(r) does not contain a path from σ1 to σ2? In such case we can show that there is a
run r′′ ∈ R containing σ2, in which σ1 doesn’t appear. This contradicts the assumption that R supports
σ1
x−−→ σ2, since by definition of “supports” σ1 and σ2 must either both appear in r′′, or neither should
appear.
The proof shows that, for every node σ2 in GB(r), there is a single run, r′, in which, intuitively, every
node of GB(r) is “delayed” as much as possible, relative to timer′(σ2). In other words, for every node σ′
that has a path to σ2 in GB(r) we will have that timer′(σ2) = timer′(σ′) + wt(p′), where p′ is the longest
path from σ′ to σ2. Moreover, every node that doesn’t have a path to σ2 will not appear in r′. This proves
Theorem 2.
5.1 The Extended Bounds Graph
The proof of Theorem 4 is similar in its nature to the proof of Theorem 2, but is much more complex. While
Theorem 2 states the existence of a zigzag pattern following a general run property (supports), Theorem 4
deals with the knowledge of a specific node. In the previous proof we used GB(r). Essentially everything
that can be deduced about the timing of events in a run r based on the combined information in all processes’
histories is captured by GB(r). Figure 7, for example, presents a path in the bounds graph that justifies the
analysis leading to Equation (1). However, GB(r) is defined by the entire run, and a process at a given basic
node σ = 〈i, `〉 observes only a portion of this information that is generated by the nodes in past(r, σ),
which we denote by GB(r, σ). This subgraph of GB(r) does not completely capture the timing information
available to σ, however. For example, assume that an i-node σi and a j-node σj are both in past(r, σ), and
assume that a message sent at σi to process j isn’t received at any node in past(r, σ). We know that the
node at which this message will be received, i.e. 〈σi, [i, j]〉, must appear in GBr later than σj . From the
upper bounds requirement, we also know that timer(σi) + Uij ≥ timer(〈σi, [i, j]〉). Combining this with
the requirement that timer(〈σi, [i, j]〉) ≥ timer(σj)+1 we have that timer(σi)− timer(σj) ≥ 1−Uij , and
thus (R, r) |= σj
1−Uij−−→ σi. In our setting processes follow an FFIP, and so the contents of past(r, σ) depend
only on σ and not on r. So this precedence holds for any run r′ containing σ. Such a run satisfies r′ ∼σ r,
and we thus obtain that (R, r) |= Kσ(σj
1−Uij−−→ σi). This time precedence does not correspond to a path in
GB(r, σ), and so GB(r, σ) misses important information.
In order to fully capture the information available to a node σ based on its partial view of the run,
we define an extended bounds graph based on the nodes of past(r, σ), to which we add n auxiliary nodes
{ψ1, . . . , ψn}, one per process timeline. Intuitively, each node ψj represents the earliest among the nodes
on j’s timeline at which messages will be delivered, that are beyond view (intuitively “over the horizon”)
for σ. This extended graph is denoted by GE(r, σ). Three sets of edges E′, E′′ and E′′′ are added to the
induced subgraph GB(r, σ) of GB(r) to obtain the extended graph: (a) E′ consists of edges (σi, ψi) from
the latest i-node in past(r, σ) to i’s auxiliary node, with weight w(σi, ψi) = 1; (b) if a message was sent
from an i-node σi in past(r, σ) to process j and not delivered to a node in past(r, σ), then an edge (ψj , σi)
is added to E′′ with weight −Uij as in the basic bounds graph. Finally, (c) the set E′′′ consists of edges
(ψj , ψi) with weight −Uij that are added for every channel (i, j) ∈ Chans. (Intuitively, these edges are
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justified by the fact that the processes follow an FFIP, and so when a message will be delivered at a node
beyond the view of σ, it will be sent to all neighbors in the Net graph.) Figure 8 illustrates the extended
bounds graph GE(r, σ), for an i-node σ. It highlights the three processes i, j and k, and the four types of
edges that appear in GE(r, σ). The shaded area depicts the past(r, σ) region. On the right are the auxiliary
nodes ψi, ψj and ψj , one per process. Note that the bound edges to and from auxiliary nodes handle upper
bounds only.
time
1
1 1
1
 Uij
 Uij
 Uji
 Uji
 Uik Uik
 Uki
 UkiLki
i
j
k
E0
E
E00
E000
 j
 k
   i
Lji
Figure 8: An illustration of the extended bounds graph GE(r, σ)
Now, the graph GE(r, σ) plays a similar role in the proof of Theorem 4 to the role of GB(r) in the
proof of Theorem 2. Indeed, GE(r, σ) exhibits similar (albeit more complex) features to those of GB(r).
For example, any path in GE(r, σ) whose endpoints are both basic nodes from past(r, σ) (and not auxiliary
nodes), still defines a constraint between its endpoints (in any run r′ ∼σ r). It also defines a σ-visible zigzag
in r with the same weight. Note the small differences: (1) The constraint here holds in any run r′ ∼σ r (as
for any such run, GE(r, σ) = GE(r′, σ)), instead of any run r′ with the same complete bounds graph (i.e
GB(r
′) = GB(r)), and (2) the zigzag pattern is a σ-visible zigzag. Paths that start at, or end in, or auxiliary
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nodes also exhibit important features, which are essential for the proof. The full details are beyond the scope
of our presentation here and are available in the appendix.
Crucially, the extended bounds graph, GE(r, σ), can be used to construct valid runs ofR with desirable
properties. This is based on a careful assignment of times to nodes of GE(r, σ), in the following manner:
Definition 9. Let σ be a basic node appearing in r ∈ R. A valid timing function for GE(r, σ) =
(VE , EE , w) is a function T : VE → N, such that T (θ1)+w(θ1, θ2) ≤ T (θ2) holds for each (θ1, θ2) ∈ EE .
Based on a valid timing function T for GE(r, σ) = (VE , EE , w), we can define a run r′ ∼σ r of R in
which the nodes of past(r, σ) appear at the prescribed times, and all the other nodes appear no earlier than
the time of the auxiliary node ψj that belongs to their timeline j. This result is achieved by the fact that
the bounds associated with auxiliary nodes make sure that nodes outside past(r, σ) won’t appear too early
relative to nodes from past(r, σ). (That, in turn, could force a message sent outside past(r, σ) to be received
inside past(r, σ), which would modify σ’s past and cause r′ 6∼σ r).
6 Discussion
The principles underlying coordination in purely asynchronous systems are by now fairly well understood,
based on [21] and the four decades since it was published. Message chains play a central role in determining
the ordering of events and coordinating their timing. More recently, the study of coordination in systems
with global clocks was initiated by [5]. The current paper considers yet another timing model, the bcm
model, in which there are no built-in timers and clock. Nevertheless, timing information can be gleaned
from observed events, because there are upper and lower bounds on the message transmission times among
processes. A direct use of bounds in such a model is the one illustrated in Figure 1: Given two message
chains that start from the same point, if the sum of lower bounds on one is greater than the sum of upper
bounds on the other, then the first message chain is guaranteed to end later than the second one. Indeed, the
bounds can be used to provide a quantitative estimate of the time difference between these two events. We
introduced the the notion of a zigzag message pattern and showed that it provides another way to deduce the
time precedence between events. The existence of an appropriate zigzag pattern was shown to be necessary
and sufficient for the message pattern of an execution of the system to ensure that a given timed precedence
among events is satisfied.
Interestingly, whereas it is possible to ensure that the existence of a message chain will be observed by
the process receiving the chain’s final message, this is not the case with general zigzag patterns. Informa-
tion about the pattern’s existence is distributed among the processes. In order to use a zigzag pattern in
coordination, it is necessary for its relevant endpoints to obtain information about the order in which pivotal
intermediate messages were delivered. Only then can a process know that the pattern exists, and hence to
know that the precedence that the zigzag pattern implies is satisfied. Our analysis provides a characteriza-
tion of when a precedence statement is known by a process at a given local state. This requires a visible
zigzag, consisting of an appropriate zigzag pattern, as well as message chains informing the node about the
pivotal parts of the zigzag pattern. A corollary of this is a characterization of patterns that allow coordinating
actions according to Early and Late specifications.
The main mathematical structures underlying our analysis are the basic bounds graph and the extended
bounds graphs presented in Section 5. In these, the start and end points of events are nodes, and the bounds
are represented by weighted edges among these nodes. While the basic bounds graph has appeared in the
analysis of clock synchronization (see, e.g., [32], in which it is used to capture synchronization even in the
presence of clock drift), the extended bounds graph seems to be novel. It allows an analysis of the timing
information at a node based on its subjective view of the computation. Events in its direct causal past, as
well as the fact that events do not appear there, provide information on the timing and ordering of events.
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As remarked in the Introduction, the bcm model can easily be adapted to capture bounds on the duration
of other events as well. A natural setting that fits the bcm model is that of asynchronous, or self-timed,
VLSI circuits, which are circuits that operate without clocks. In such settings, time bounds are often used
to coordinate actions and ensure correctness of the computation. The typical way to do so is by using a
simple fork as in Figure 1. Such forks are also the basis for correct operation in synchronous circuits, where
extreme care is taken to ensure that clock inputs to different flip-flops are arranged to have very similar
delays from a common source for the implementation of sequencing [35]. To the best of our knowledge,
it is an open problem whether zigzag causality and our characterization of solutions to the Early and Late
coordination problems may facilitate the design of new circuits.
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A Proving Theorem 3
The proof of Theorem 3 depends on two properties, which we now state formally and prove in Lemmas 3
and 4. The first captures the fact that, intuitively, in an fip, if σ′  r σ then the fact that σ′ happens before σ
is known at σ. Namely, it will be true at every run r′ that is indistinguishable to r in the eyes of σ.
Lemma 3. Let P be an fip and let r, r′ ∈ R(P, γ). If σ′  r σ and r′ ∼σ r, then σ′  r′ σ.
Proof. By the definition of  r, since σ′  r σ there is a sequence of basic nodes in r, (σ0, σ1, . . . , σk),
where σ0 = σ′, σk = σ and σm, for 0 < m ≤ k, is either the successor of σm−1, or receives a message
sent from σm−1 (in run r). We claim that if σm appears in r′, then so does σm−1, as in both cases the state
of σm is affected by the state of σm−1, being either its predecessor or the source of a message it receives,
thus σm cannot appear without σm−1, and further σm−1  r′ σm. By induction, as σk = σ appears in r′,
then σ0 = σ′ appears in r′ as well and σ′  r′ σ.
The second lemma states that in an implementation of Late〈a x−−→ b〉 or Early〈b x−−→ a〉, process B can
perform b only if there is a message chain to B from a node at which C sends a “go” message to A.
Lemma 4. Let R = R(P, γ) and suppose that P implements either Late〈a x−−→ b〉 or Early〈b x−−→ a〉. If
B performs b at basic node σ in a run r ∈ R, then there is a basic node σC in r at which C sends a “go”
message to A, such that σC  r σ.
Proof. Let R = R(P, γ) and suppose that P implements either Late〈a x−−→ b〉 or Early〈b x−−→ a〉. Fix a run
r ∈ R, and a basic node σ that appears in r, and such that B performs b at σ. We want to prove that there is
a node σC of C in r that sends a “go” message, such that σC  r σ.
We construct a new run, r′, by inductively describing its global states. At m = 0, define r′(0) = r(0).
For m > 0, assume we have the global states of r′ up to time m− 1, and we define it for time m. We do so
by defining which messages will be delivered. Let µ be a message sent at the i-node σi to agent j, that is in
transit in r′ before time m.
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• If σi appears in r, timer′(σi) = timer(σi), µ is delivered in r at m and (j, rj(m))  r σ, then
deliver µ to j.
• Otherwise, deliver µ only if timer′(σi) +Uij = m.
Moreover, for any i ∈ Procs, deliver in r′ an external message to agent i at time m if and only if the same
external message is received by i at m in r, and (i, ri(m)) r σ.
Note that r′ ∈ R. Moreover, we claim that the following holds for r′:
1. r′ ∼σ r; and
2. The only external messages delivered in r′ are delivered to nodes from past(r, σ).
Following the above claim, as r′ ∼σ r , we have that σ also appears in r′, and thus B performs b in r′ as
well. As P implements either Late〈a x−−→ b〉 or Early〈b x−−→ a〉, and as B performs b in r′, then there is in r′
a node of C, σC , which sends a “go” message, and as it must do so spontaneously, he must have received an
external message. But, by the above claim the only nodes that receive external messages are from past(r, σ).
Thus, σC ∈ past(r, σ), and σC  r σ as required.
To prove the above claims, we prove by induction on the timem that for all i ∈ Procs, if (i, ri(m)) r σ,
then r′i(m) = ri(m). At m = 0, this is trivially true as r
′(0) = r(0). Let m > 0, and assume the claim is
true up to time m− 1. Note that by the induction we can conclude that if σ′ is a basic node that appears in
r, such that σ′  r σ and timer(σ′) < m, then σ′ also appears in r′, and timer′(σ′) = timer(σ′).
Assume that (i, ri(m))  r σ for some i ∈ Procs. Clearly (i, ri(m− 1))  r σ, thus r′i(m − 1) =
ri(m − 1). We claim that exactly the same messages are delivered to i at m in r and r′, and so r′i(m) =
ri(m). Let µ be a message that is sent in r from agent j at time tµ, and is delivered in r to i at m. As
(j, rj(tµ))  r (i, ri(m))  r σ, then (j, rj(tµ))  r σ, and as tµ < m, we have that (j, rj(tµ)) appears
also in r′, at the same time as in r, and so µ is sent in r′ at the same time. According to the definition of
r′, µ cannot be delivered in r′ before time m, and it will be delivered at m. Now, let µ be a message that is
sent in r′ from agent j at time tµ, and is delivered to i at m, and assume that µ isn’t delivered in r at m. In
this case it must be that tµ + Uji = m. Denote σj = (j, rj(tµ)). If σj  r σ, then rj(tµ) = r′j(tµ), and
then µ is sent in r as well, at the same time. As it is not delivered in r at m, and as tµ + Uji = m, then it
must be delivered before time m. But then it will be delivered at the same time in r′, in contradiction to it
being in transit in r′ before time m. So, it must be that σj 6 r σ. Note that timer(σj) ≤ tµ, and so it sends
to i a message in r that must be delivered no later than time m, so it must be that σj  r (i, ri(m)). But,
as (i, ri(m))  r σ, we get that σj  r σ in contradiction with the last assumption, and thus proving the
induction.
The previous two claims follow directly from the claim we have just proved, and the truth of Lemma 4
follows.
We shall now prove Theorem 3:
Proof. We prove the first claim; the proof of the second claim is analogous. Let R = R(P, γ) and suppose
that P implements Late〈a x−−→ b〉. Fix r ∈ R and assume that C sends a “go” message to A at basic
node σC in run r, and that B performs b at basic node σ. Let r′ ∼σ r be a run of R. By the definition of
indistinguishability, σ appears in r′. Since P is a deterministic protocol, B also performs b at σ in r′. By
Lemma 4, we have that σC  r σ. By Lemma 3, the fact that P is a full-information protocol implies that
every basic node σ′ that satisfies σ′  r σ will appear in r′ ∼σ r as well. Thus, in particular, σC appears in
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r′ as well, and a “go” message is sent to A at σC in r′. Since P implements Late〈a x−−→ b〉, we obtain both
that A performs a at σC ·A in r′, and that (R, r′) |=σC ·A x−−→ σ. The claim follows.
B The Proof of Theorem 2
The basic bounds graph, GB(r), defined in Definition 8, describes the time constraints on the basic nodes
that appear in run r. These are imposed by the context γ, based on the events that occur in the run. We have
three types of such constraints: For every message sent, the context imposes an upper bound and a lower
bound on its transmission times. Moreover, events that occur at a given site are linearly ordered. (Indeed,
we assume that they are separated by at least one time unit.) Each constraint is represented in GB(r) by a
corresponding weighted edge.
While each edge in the basic bounds graph describes a time constraint between two adjacent nodes, by
transitivity we have that each path in the basic bounds graph describes a time constraint between the source
and destination nodes. Note that there are no positive cycles in a basic bounds graph, since such a cycle
would impose the absurd constraint that a node must occur strictly later than when it does.
The basic bounds graph and the zigzag pattern are closely related. The following lemma shows that
every path in the bounds graph defines a zigzag pattern whose weight equals the path’s length.
Lemma 5. Let r ∈ R, x ∈ Z, let σ1 and σ2 be basic nodes in r, and let θ1 and θ2 be two nodes of r such
that basic(θ1, r) = σ1 and basic(θ2, r) = σ2. For every path P from σ1 to σ2 in GB(r) with weight x,
there is a zigzag pattern Z from θ1 to θ2 in r with wt(Z) = x.
Proof. Let x ∈ Z, let basic(θ1, r) = σ1 and basic(θ2, r) = σ2, and assume there is a path P from σ1 to
σ2 in GB(r) with weight x. We prove by induction on m, the number of edges in the path P , that there is
a zigzag pattern Z in r from θ1 to θ2 with wt(Z) = x. If m = 0, then basic(θ1, r) = basic(θ2, r), and
we define two two-legged forks, F0 , (θ1, θ1, θ1) and F1 , (θ2, θ2, θ2) and a zigzag Z , (F0, F1) and we
are done (note that F0 and F1 are joined, and so wt(Z) = 0). Let m > 0, and assume the claim is true for
any path with m − 1 edges. Assume that σ1 is followed in P by σ′1 = (k, l′). Looking at the suffix of P
starting from σ′1, we have by the assumption a zigzag pattern Z ′ in r from the node 〈σ′1, k〉 corresponding to
basic node σ′1 to θ2, say with wt(Z ′) = x − w(σ1, σ′1). (Here w(σ1, σ′1) is the weight of the edge (σ1, σ′1)
in GB(r).) Denoting Z ′ = (F1, . . . , Fc), note that timer(tail(F1)) = timer(σ′1). We shall construct the
desired zigzag pattern Z, whose tail will be the node σ1, which will be connected to Z ′ in a manner that
depends on the edge that connects σ1 to the tail σ′1 of Z ′. We distinguish three cases:
1. If (σ1, σ′1) is an edge with weight of Lik, corresponding to a message sent from σ1 to σ′1 in r, then we
define Z = (F0, F1, . . . , Fc), where F0 , (θ1, θ1 ·k, θ1). Note that basic(θ1 ·k, r) = σ′1 corresponds
to tail(F1), and so in this case F0 and F1 are joined. By construction, wt(F0) = w(σ1, σ′1) and
wt(Z) = wt(F0) + wt(Z
′). Thus, wt(Z) = x, as desired.
2. If (σ1, σ′1) is an edge with weight of −Uki, corresponding to a message sent from σ′1 to σ1 in r, then
we define Z = (F0, F ′1, . . . , Fc), where F0 = (θ1, θ1, θ1) and F ′1 = (base(F1), head(F1), tail(F1)·i).
In this case F0 and F ′1 are joined. By construction, wt(F0) = 0 and wt(F ′1) = wt(F1) + w(σ1, σ′1).
Thus, again, wt(Z) = wt(Z ′) + w(σ1, σ′1) = x, as desired.
3. If (σ1, σ′1) is an edge with weight of 1, as i = k and σ′1 is the successor of σ1, then we define
Z = (F0, F1, . . . , Fc) where F0 = (θ1, θ1, θ1). In this case the forks F0 and F1 are not joined. By
construction, wt(F0) = 0 and since F0 and F1 are not joined we obtain that wt(Z) = wt(Z ′)+1 = x,
and we are done.
In all cases above, Z is a zigzag pattern in r from θ1 to θ2 with wt(Z) = x as required.
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We remark that the above lemma can be extended to be an if and only if statement (with some small
technical changes).
Observing GB(r), we have the set of basic nodes that appear in r. In particular, GB(r) contains the
dynamics between the nodes, that created their actual local states. The only thing missing in GB(r), are the
times at which those basic nodes occur (though these times are well defined in r, observing GB(r) without
knowing that it came from r, we can’t know the times). In fact, there are different runs whose basic bounds
graphs are completely identical. The difference between two such runs is just in the time in which the nodes
of GB(r) appear. Moreover, given the graph GB(r), we can construct actual runs that produce such graph
(r, for example). For that task we have to assign times to the nodes of GB(r), i.e. the times at which those
nodes will appear in the run. However, not any such assignment of times is legal. If we want to keep the
local states as they are, then the order of the nodes of each agent must remain the same as in GB(r), and all
the respective messages must be sent and received by the same nodes. In such case, we must assure that the
messages transmission time doesn’t exceed bounds. More formally, we define a valid timing function of a
basic bounds graph:
Definition 10. Let r ∈ R, and let V ′ be a subset of the nodes of GB(r). A valid timing function for V ′
w.r.t. GB(r) is a function T : V ′ → N such that T (σ1) + w(σ1, σ2) ≤ T (σ2) holds for each edge (σ1, σ2)
in GB(r) with σ1, σ2 ∈ V ′.
As we will see, a valid timing function T defined for the set V of all nodes of GB(r) can be used to
produce a legal run r[T ] such that GB(r[T ]) = GB(r), in which the timing of the nodes is according to T .
Let σ and σ′ be basic nodes in r. Recall that any path in GB(r) from σ′ to σ defines a constraint on
how far σ′ can appear before σ in r (this is proved here indirectly by combining Theorem 1 and Lemma 5).
Equivalently, such a path constrains the time difference between σ′ and σ in any other run r′ ∈ R for which
GB(r
′) = GB(r). The longer (i.e., “heavier”) the path from σ′ to σ is, the stronger the constraint. We will
prove that the longest such path gives a tight constraint. I.e., if the longest path from σ′ to σ in GB(r) is,
say, P , then there is a run r′ where timer′(σ)− timer′(σ′) = wt(P ). We do so by proving the existence of
a valid timing function T such that T (σ)− T (σ′) = wt(P ), and then proceed to show that there is such run
r[T ] for which GB(r[T ]) = GB(r), and where the timing of the nodes are according to T . We will actually
prove something stronger, which is that there exists a valid timing function T ′ in which for all nodes σ′
that are connected to σ by a path in GB(r), T ′(σ) − T ′(σ′) = wt(P ′) holds, where P ′ is the longest path
between σ′ and σ in GB(r). Furthermore, there is a corresponding run r[T ′] where the time of the nodes are
according to T ′.
By the definition of supports, if R supports σ′ x−−→ σ, then timer′(σ)− timer′(σ′) ≥ x holds for every
run r′ ∈ R that contains both nodes σ and σ′. In r[T ′] we have that timer[T ′](σ) − timer[T ′](σ′) = wt(P )
(where P is the longest path in GB(r) between σ′ and σ) and so it must be that wt(P ) ≥ x. Observing the
path P , we have by Lemma 5 a zigzag pattern Z in r from σ′ to σ with wt(Z) = wt(P ) ≥ x. this result
proves Theorem 2 (at least for basic nodes).
There is however another complexity, as not all of the basic nodes that appear in r have a path to σ in
GB(r). For this reason, we will have to use a slightly stronger result than the above-mentioned claims. We
show that even if T is a valid timing function only on a subset of nodes (of GB(r)), then yet a run r[T ]
that contains only that subset of nodes (and some other initial nodes, i.e. nodes from time 0), that appear at
times according to T , can be constructed. This will be true, however, only for subsets of nodes that satisfy
a particular closure property:
Definition 11. Let r ∈ R, let V be the set of nodes of GB(r), and let V ′ ⊆ V be a subset of V . We say
that V ′ is precedence-closed w.r.t. GB(r) (or p-closed for short) if for every edge (σ1, σ2) of GB(r), if
σ2 ∈ V ′, then σ1 ∈ V ′ as well.
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Intuitively, the fact that V ′ is p-closed means that the constraints imposed by GB(r) based on nodes
outside of V ′ do not affect the timing of nodes in V ′. We will be interested in a particular p-closed set of
nodes of GB(r): The nodes from which there is a path to a specific node σ:
Definition 12. Let r ∈ R, let GB(r) = (V,E) and let σ ∈ V . We define the σ-precedence set in GB(r),
denoted Vσ, by: Vσ , {σ′ ∈ V : there is a path in GB(r) from σ′ to σ}.
We remark that Vσ is the minimal set of nodes that contains σ and is p-closed (as shall be proved next).
Recall that there are three types of edges in GB(r): (i) Between two successive nodes of the same agent, (ii)
from a node at which a message is sent to the node at which it is received, and in the opposite direction (iii)
from the node at which a message is received to the node at which it was sent. Thus, if a message sent at an
i-node σ is received at a j-node σ′, then σ′ ∈ Vσ, as there is an edge (with weight −Uij) that goes “back”
from σ′ to σ (see Figure 6). If the protocol is an FFIP, and (j, i) ∈ Chans, then the protocol ensures that j
also sends a message at σ′ back to agent i, which is received at the node σ′′ = basic(〈σ′, [j, i]〉, r). As
there is an edge from σ′′ to σ′ (the edge in the opposite direction to the send-receive), and there is an edge
from σ′ to σ, we get that also σ′′ ∈ Vσ. Clearly (in an FFIP) process i will also send a message at σ′′ back to
agent j, which is received at a node that will be also in Vσ, and so on. Consequently, Vσ is typically infinite,
and contains nodes that appear in the far future of σ (at least in the case of an FFIP). Intuitively, the timing
of each one of these nodes imposes a constraint on the timing of σ. On the other hand, for example, the
successor of σ on i’s timeline might not appear in Vσ, in which case it might be delayed arbitrarily relatively
to σ.
We first formally prove that Vσ is in fact a p-closed set:
Lemma 6. Let r ∈ R, σ be a basic node in r and let V be the set of nodes of GB(r). Then Vσ is p-closed.
Proof. Let σ′ ∈ Vσ, and let σ′′ ∈ V such that (σ′′, σ′) is an edge in GB(r). σ′ ∈ Vσ, and so there is a path
from σ′ to σ in GB(r). As (σ′′, σ′) is an edge in GB(r), we can go in GB(r) from σ′′ to σ′, and then from
the path that σ′ has to σ, and so to reach from σ′′ to σ. Thus, there is a path in GB(r) from σ′′ to σ, and so
σ′′ ∈ Vσ. It follows that Vσ is p-closed.
As we used in Theorem 2 the general nodes notation (instead of using basic nodes), we shall define
Vθ , Vbasic(θ,r). For a node θ such that basic(θ, r) = σ, we now define the promised valid timing function
on Vθ (= Vσ) in which T (σ) − T (σ′) = d(σ′) holds for every node σ′ ∈ Vσ, where d(σ′) is the weight of
the longest path in GB(r) from σ′ to σ.
Definition 13 (Slow-Timing). Let r ∈ R, and let θ be a node of r so that basic(θ, r) = σ. Moreover, let D
denote the weight of the longest path in GB(r) that ends in the node σ. The slow timing function of θ in r,
T θr : Vθ → N, is defined as follows: For each σ′ ∈ Vθ, define d(σ′) to be the weight of the longest path from
σ′ to σ in GB(r). We define T θr (σ′) = D − d(σ′).
We remark that computing longest paths in the bounds graph (and in particular, computingD) is an easy
task, because there are no positive cycles in the graph. (E.g., Bellman-Ford can be used, if we work with
w′ = −w). Clearly, every path of GB(r) that ends in σ starts at some node σ′. Moreover, both σ and σ′
appear at finite times in r. Since σ′ D−−→ σ in r, if follows that D must be finite. By definition of D, it
follows that T θr assigns non negative times to all nodes in Vθ. We now turn to show that T
θ
r is a valid timing
function.
Lemma 7. Let r ∈ R, and let θ be a node of r. Then T θr is valid timing function for Vθ w.r.t. GB(r).
Proof. Assume that basic(θ, r) = σ, and let σ1, σ2 ∈ Vσ such that (σ1, σ2) is an edge in GB(r). Assume
by way of contradiction that T θr (σ2) < T
θ
r (σ1) + w(σ1, σ2). According to Definition 13 we have that
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T θr (σ2)−T θr (σ1) = d(σ1)−d(σ2) < w(σ1, σ2). Recall that d(σ1) is the weight of the longest path from σ1
to σ. Let us observe the following alternative path from σ1 to σ: We begin by walking on the edge (σ1, σ2)
and from σ2 on its longest path to σ, whose weight is d(σ2). We thus obtain a path from σ1 to σ with weight
of w(σ1, σ2) + d(σ2) > d(σ1), contradicting the fact that d(σ1) is the weight of the longest path from σ1
to σ.
Now comes the “heart” of the claim, that each valid timing function on a p-closed set describes a run that
contains (almost) exactly the nodes of this set, and where the times of those nodes are exactly according to
the timing function. Note that in every run r, every process i has at least one basic node, which is (i, ri(0)).
This is i’s initial node (the node with i’s initial local state). If we want to find a run that contains all the
nodes from some p-closed set, this run must still contain at least one basic node for each agent. It will be
convenient to mark the set of initial basic nodes in a run. Thus, we define the set of initial basic nodes of r
by
V r,0 = {σ′ : σ′ appears in r and timer(σ′) = 0}.
Essentially all of the information about the relative timing of nodes in a run r is captured by paths in the
bounds graph GB(r). This is not true, however, for nodes of V r,0, because timer(σ) = 0 for all nodes
σ ∈ V r,0. It follows that the relative timing of initial nodes is tightly correlated. This does not cause special
problems, because in our model, a process performs an action only when it receives a message — either an
external input or a message from one of its neighbors in the network. Nevertheless, the initial nodes need
to be handled in a slightly different manner when we use the bounds graph GB(r) to construct runs that
conform with particular timing functions. We proceed as follows.
Lemma 8 (Run by timing). Let r ∈ R, let V be the set of nodes of GB(r), and let V ′ ⊆ V be a p-closed
subset of V . Moreover, let T : V ′ → N be a valid timing function. Let us denote GB(r)↓V ′= (V ′, E′) the
subgraph of GB(r) that is induced by V ′ . Then there exists a legal run in R, denoted by r[T ], such that
(i) GB(r[T ]) = (V ′ ∪ V r,0, E′), and (ii) timer[T ](σ′) = T (σ′) holds for each σ′ ∈
(
V ′ \ V r,0).
Proof. For ease of exposition, we shall denote r[T ] by r′. This run is defined as follows:
• r′(0) = r(0).
• Let i ∈ Procs and σi ∈ V ′ be an i-node. If σi receives external inputs in r, then process i receives the
same inputs at time T (σi) in r′.
• Let µ be a message that is sent at an i-node σi ∈ V ′ and is received in r at the j-node σj . Note that in
such case σj ∈ V ′, by the p-closedness of V ′ (since there is an edge σj
−Uij−−−−→ σi in GB(r)). If µ is
in transit in the run r′ just before time T (σj), then it is delivered to j at time T (σj) in r′.
• No other messages are delivered in the run r′.
We claim the following by induction on m:
1. The prefix of r′ up to time m is a prefix of a legal run inR;
2. All the basic nodes in r′ up to time m are either from V ′ or V r,0, and
3. For all j ∈ Procs:
(a) If m = T (σj) for some j-node σj ∈
(
V ′ \ V r,0), then (j, r′j(m)) = σj .
(b) For all j-nodes σ′j ∈
(
V ′ \ V r,0), if m < T (σ′j), then (j, r′j(m)) 6= σ′j .
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At m = 0, the claims are true as (1) r′(0) = r(0) ∈ G0, thus it is a prefix of legal run, (2) the set of nodes
of r′ at time 0 are exactly V r,0, and (3) if T (σj) = 0, then σj ∈ V r,0. Prove: if σj has a predecessor, say σ′j ,
then there will be an edge σ′j
1−−→ σj in GB(r). From the p-closedness of V ′ it must be that σ′j ∈ V ′, and
from the validity of T it must be that T (σ′j) ≤ T (σj) − 1 < T (σj) = 0, contradicting the fact that T ≥ 0.
Thus, σj has no predecessor, and thus σj ∈ V r,0. The last two claims follows directly (at m = 0).
Let m > 0, and assume that the claims are true up to m− 1. To show that the prefix of r′ up to time m
is a prefix of a legal run in R, we must make sure that no message is delivered before its lower bound, or
remains in transit after its upper bound has expired. Let µ be a message that is sent in r′ by the i-node σi
at time tµ < m to agent j, and that is still in transit just before time m. By the induction, as all the nodes
before time m are either from V ′ or V r,0, and as nodes from V r,0 don’t send messages (as they are also the
initial nodes in r′), then σi ∈ V ′. By the induction, clearly tµ = T (σi). Assume that µ is received in r by a
node σj , then it will be delivered, according to the definition of r′, at m′ = T (σj) (only if m′ > tµ). As T
is a valid timing function, Lij ≤ m′ − tµ ≤ Uij , thus it will be delivered in bounds (and m′ > tµ), and in
particular if T (σj) = m then it will be delivered at m. This proves the first claim.
Assume that m = T (σj) for some j-node σj ∈
(
V ′ \ V r,0), and let σ′j be σj’s predecessor. Note
that σ′j ∈ V ′. Denote T (σ′j) = m′. From the validity of T it follows that m′ < m, and that there is
no other j-node σ′′j ∈ V ′ for which m′ < T (σ′′j ) < m. According to the definition of r′, no messages
will be delivered to j between times m′ + 1 and m − 1, so its local state will remain unchanged, i.e.,
(j, r′j(m− 1)) = (j, r′j(m′)) = σ′j . We must prove that the messages that are delivered in r′ at m to j
are exactly the messages that are delivered to σj in r. This will imply that (j, r′j(m)) = σj . Observing all
the nodes that send the messages to σj , it follows from the validity of the timing function that their timings
are before m, and so by the induction they appear in r′, and as we have seen above these messages will be
delivered at m. clearly no other messages are delivered in r′ to j at m, according to the definition of r′.
Ifm < T (σj) for some j-node σj ∈
(
V ′\V r,0), then we have by the induction that (j, r′j(m− 1)) 6= σj .
If j doesn’t receive messages at time m, then (j, r′j(m)) = (j, r
′
j(m− 1)) 6= σj . Otherwise, it must be that
m = T (σ′j) for some j-node σ
′
j ∈ V ′, and then (j, r′j(m)) = σ′j 6= σj .
By the induction, all the nodes before time m are from V ′ or V r,0. As any message that is delivered at
m in r′ is delivered there to a node from V ′, it follows that this property still holds at time m.
Thus, we proved the induction, which establishes that r′ ∈ R, and that r′ contains exactly the nodes
from V ′ ∪ V r,0, and with the timing according to T , as claimed.
The last thing we need before we can prove Theorem 2 is the following technical claim:
Lemma 9. Let r ∈ R, let V be the set of nodes of GB(r), and let V ′ ⊆ V be a p-closed subset of V . Let θ
be a node of r, and let σ = basic(θ, r). Moreover, let T : V ′ → N be a valid timing function, and let r[T ]
be a run satisfying the conditions guaranteed by Lemma 8. Then either both θ and σ appear in r[T ] and
σ = basic(θ, r[T ]), or neither θ nor σ appears in r[T ].
Proof. Assume that θ = 〈σ′, p′〉. As basic(θ, r) = σ, the node σ (by its definition) receives a direct
message chain that goes from σ′ through p′. Thus, if σ appears in r[T ] (or in any other run fromR), then it
must receive this message chain from σ′, and so σ′ must also appear in r[T ], and it must send that message
chain through p′. Thus, θ also appears in r[T ], and σ = basic(θ, r[T ]).
Now, assume that θ appears in r[T ], and basic(θ, r[T ]) = σ′′. We want to prove that σ′′ = σ. By
Lemma 8, as σ′′ appears in r[T ], either σ′′ ∈ V ′ or σ′′ ∈ V r,0. If σ′′ ∈ V r,0, then θ receives no message in
r[T ], which is possible only if p′ is a singleton, and then σ = σ′ = σ′′. If σ′′ ∈ V ′, then it appears in r, and
it receives the same message chain that goes from σ′ through p′, just as σ does (in r). It is possible only if
σ = σ′′.
We are now ready to prove Theorem 2:
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Proof of Theorem 2. Let x ∈ Z and assume thatR supports θ1 x−−→ θ2. Let r ∈ R be some run such that θ1
and θ2 are nodes of r, and where both timer(θ1) > 0 and timer(θ2) > 0. Assume that basic(θ1, r) = σ1
and basic(θ2, r) = σ2. We denote r[T θ2r ] by r
′. By Lemma 8, σ2 appears in r′. Thus, by Lemma 9, the
node θ2 also appears in r′, and basic(θ2, r′) = σ2. As θ2 appears in r′ and as R supports θ1 x−−→ θ2, and
according to the definition of supports, we have that θ1 also appears in r′ and timer′(θ1) + x ≤ timer′(θ2).
Once again, by Lemma 9, σ1 appears in r′, and basic(θ1, r′) = σ1. By the definition of r′, for every node
σ′ of r′ that is not an initial node in r (i.e., timerσ′ > 0) there is a path P ′ (the longest path) in GB(r) from
σ′ to σ2 with wt(P ′) = timer′(σ2)− timer′(σ). Thus, as timer(σ1) = timer(θ1) > 0, there is a path P (the
longest path) in GB(r) from σ1 to σ2 with wt(P ) = timer′(σ2) − timer′(σ1) = timer′(θ2) − timer′(θ1).
As timer′(θ2)− timer′(θ1) ≥ x, we have that wt(P ) ≥ x. Now, by Lemma 5, there is a zigzag pattern Z in
r from θ1 to θ2 with wt(Z) = wt(P ) ≥ x.
C Proof of Theorem 4
Let r ∈ R(P, γ) for an FFIP P, and let σ be a basic node of r. The first (and easy) direction in Theorem 4
claims that if there is in r a σ-visible zigzag Z relating two σ-recognized nodes, say θ1 and θ2, with wt(Z) =
x, then (R, r) |= Kσ(θ1 x−−→ θ2).
Let r, r′ ∈ R such that r′ ∼σ r, and assume that Z is a σ-visible zigzag in r from θ1 to θ2 with
wt(Z) = x. We will soon show that Z is also a zigzag pattern in r′. Since wt(Z) depends only on
the pattern and not on the run r, we have by Theorem 1 that (R, r′) |= θ1 x−−→ θ2, and by definition of
knowledge we have that (R, r) |= Kσ(θ1 x−−→ θ2), as desired.
To complete the argument, we now show that the pattern Z appears in the run r′. Roughly speaking, this
amounts to showing that, since Z is σ-visible in r (i) each one of the two-legged forks in Z is guaranteed to
appear in r′, and (ii) these two-legged forks form a zigzag pattern in r′, i.e., the head of each fork appears
no later than the tail of its successor. Recall that Z = (F1, F2, . . . , Fc) is a σ-visible zigzag from θ1 to
θ2 in r. By definition of visible zigzags, it follows that base(Fc) = 〈σ′, p′〉, for some node σ′ satisfying
σ′  r σ. Moreover, assume that tail(Fc) = base(Fc)  p′′ and head(Fc) = base(Fc)  p′′′. As σ′  r σ
and R = R(P, γ) for an FFIP P, the three nodes base(Fc), tail(Fc) and head(Fc) appear in r′, and thus Fc
is also a two-legged fork in r′. Let m < c. Since Z is a visible zigzag we have that head(Fm)  r σ, it
follows by Lemma 3 and the definition of two-legged forks (and by the fact that the protocol is an FFIP) that
tail(Fm), base(Fm) and head(Fm) also appear in r′, and so Fm is also a two-legged fork in r′. Moreover,
basic(head(Fm), r
′) = basic(head(Fm), r), and as tail(Fm+1) appears in r no earlier than head(Fm)
does, the same occurs in r′. Thus, Z is also a zigzag in r′, as claimed 
We now turn to proving the other direction of Theorem 4, which claims that the existence of a σ-visible
zigzag is also necessary for σ’s knowledge of the timed precedence. The argument will extend and generalize
the proof of Theorem 2. In that proof, a run r′ = r[Tsσr ] satisfying the constraints imposed by GB(r) was
constructed, in which roughly speaking every node was moved as far in the future possible with respect
to σ. A path in the constraints graph GB(r) then determined the timing of every node in r′, and such a path
implied the existence of a corresponding zigzag pattern. The basic nodes of r′ all appeared in r as well. For
the current theorem, we need a more subtle definition of an alternative run in which a visible zigzag appears.
In this run, only the basic nodes that are in the past of σ must be kept the same as in r, while other basic
nodes are not necessarily the same. Moreover, its construction will make use of GE(r, σ), the extended
bounds graph of σ in r.
In Section 5 we definedGE(r, σ), the extended bounds graph of σ, whose purpose is to capture all of the
timing information that is available to σ. We define it here once again, more formally. We begin by defining
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a subgraph of GB(r) that σ can construct from its local state (at least under the assumption of FIP protcol):
Definition 14. Let σ be a node of r. We define the local bounds graph of σ in r to be the weighted graph
GB(r, σ) that is induced from GB(r) by the nodes V ′ = {σ′ : σ′  r σ}.
The following is a simple definition that will be useful next:
Definition 15. Let σ and σ′ be nodes of r, and let σ′ be an i-node. We say that σ′ is a boundary node of σ,
if (i) σ′  r σ and (ii) σ′′  r σ′ holds for each i-node σ′′  r σ.
The boundary nodes are simply the last nodes, one for each agent, that appear in the past of σ.
Can we repeat Lemma 8 while using GB(r, σ) as the set of nodes? I.e., can we define a valid timing
function over the nodes of GB(r, σ) and get a legal run? Clearly, such a timing function will ensure the
order of nodes from the past of σ, and guarantee that messages sent among such nodes are delivered within
the stated bounds. However, there might still be messages that are sent by nodes from the past of σ that are
not received in r inside the past of σ, and GB(r, σ) doesn’t treat such messages. The result is that a valid
timing function for GB(r, σ) might cause such message to be received before a boundary node σ′ of σ. This
is, of course, inconsistent with node σ’s view in r, since σ′  r σ and thus σ knows that the message was
not delivered before σ′. In the proof of Theorem 2 we avoided this problem by considering only p-closed
sets of nodes of GB(r). However, the set of nodes of GB(r, σ) is typically not p-closed, as even σ in itself
probably sends messages to other nodes, which are clearly not in its past. Recall that GB(r) contains an
edge from a node at which a message is received to one at which the message was sent (with bound −Uji).
Consequently, there are paths in GB(r) from nodes that are not in GB(r, σ) to nodes inside GB(r, σ).
To overcome this issue, we add special nodes to GB(r, σ), and extend it to a new graph, denoted
GE(r, σ). As described in Section 5, we add to this graph a new node for each agent (we call it an auxiliary
node), which stands for the successor of this agent’s boundary node. By adding an edge with weight 1 from
a boundary node to the auxiliary node of the same agent, we make sure that the auxiliary node must come
after the boundary node. In addition, we add edges that make sure that messages that go outside the past
of σ will not be delivered earlier than at the relevant auxiliary node.
Definition 16 (Extended local bounds graph). Let r ∈ R, let σ be a node of r and letGB(r, σ) = (V,E,W )
be the local bounds graph of σ in r. We define the extended local bounds graph of σ in r to be the weighted
graph GE(r, σ) = (V ∪ V ′, E ∪ E′ ∪ E′′ ∪ E′′′,W ∪W ′) where:
• V ′ = {ψi : i ∈ Procs}; (each ψi will stand for the auxiliary node of process i)
• E′ = {(σ′, ψi) : i ∈ Procs and σ′ the boundary i-node of σ in r}, and W ′(σ′, ψi) = 1;
• E′′ = {(ψi, σj) : i, j ∈ Procs and σj ∈ V is a j-node that sends a message to process i that is not
received in any i-node from V }, and W ′(ψi, σj) = −Uji; and
• E′′′ = {(ψi, ψj) : (j, i) ∈ Chans}, and W ′(ψi, ψj) = −Uji.
We call the nodes V of GB(r, σ) original nodes. The edges of E′ make sure that auxiliary nodes don’t
appear before the respective boundary nodes. The edges of E′′ make sure that messages that are sent from
within the past of σ, and are not received in the past of σ, can be received at the nodes of V ′ (or after
them) without exceeding their upper bounds. The edges of E′′′ ensure that messages sent after a boundary
node of GB(r, σ) can be delivered at or after the auxiliary node of the receiving process. This enables the
construction of a run consistent with the extended graph in which the past of σ coincides with what it is in r.
We state without a proof that a valid timing function over the nodes of GE(r, σ) can be extended to a
valid run, where the original nodes will appear according to the timing function. A more restricted version
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of this property will be proven and used in our analysis below. And what about the timing of the auxiliary
nodes? The answer is that any direct message chain that goes outside the past must be delivered after their
timings. Later on we prove these results for a specific run.
Recall that in the proof of Theorem 2 we have found a valid timing that was based on the longest paths
in GB(r), and then constructed a run with this timing. As times in that run were corresponding to paths in
GB(r), we could prove the existence of respective zigzags. However, in the case of Theorem 2, when we
were talking on two nodes, say θ1 and θ2, we knew exactly what are the corresponding basic nodes, and then
we could find the longest path between them in GB(r). GE(r, σ), on the contrary, contains only the basic
nodes from past(r, σ), so how can we have a path in GE(r, σ) between two general σ-recognized nodes?
Moreover, are paths in GE(r, σ) still produce timing constraints?
It appears that, just as in GB(r), paths in GE(r, σ) between two basic nodes indeed define constraints
on their timing (constraints that apply in any run r′ ∈ R such that r′ ∼σ r). Moreover, a path in GE(r, σ)
whose one or two endpoints is an auxiliary node, put constraint for some set of pairs of σ-recognized nodes.
For this reason, we say that such path is a constraint-path between the corresponding pair of σ-recognized
nodes (even though these nodes don’t appear explicitly in the graph).
We start by observing 4 different types of paths in GE(r, σ):
1. A path of the form I = (ψic , ψic−1 , . . . , ψi2 , σ1) that contains a (possibly empty) sequence of auxiliary
nodes, and ends at a basic node from past(r, σ) (in this case σ1);
2. A path whose both ends are basic nodes from past(r, σ);
3. A path of the form S = (σ2, ψj2 , ψj3 , . . . , ψjd) that starts at a basic node from past(r, σ) (in this
case σ2) and followed by a sequence of auxiliary nodes; and
4. A path that contains only auxiliary nodes.
Note that each path in GE(r, σ) corresponds to one of the above types, or to a concatenation of paths
from these types. As we shall see, each path type defines a constraint between two nodes of a specific form,
and also ensures the existence of a respective zigzag pattern between these two nodes (just as GB(r) did).
For each type, we first describe the intuition for the relevant constraints and then prove the existence of the
respective zigzag patterns. These zigzag patterns are actually σ-visible zigzags.
we start with a type 1 path of the form: I = (ψic , ψic−1 , . . . , ψi2 , σ1). According to the definition of
GE(r, σ), there is an edge between ψik and ψik−1 only if (ik−1, ik) ∈ Chans, and the edge has a weight of
−Uik−1ik . Thus, it must be that (ik−1, ik) ∈ Chans for each 3 ≤ k ≤ c. Note that wt(ψic , ψic−1 , . . . , ψi2) =
−U([i2, i3, . . . , ic]). Next, there is an edge between the auxiliary node of process i2 (ψi2) to a basic node
(σ1) only if a message is sent at the basic node to process i2, and that message isn’t received in the past
of σ. Assuming that σ1 is an i1-node, the weight of that edge will be −Ui1i2 , and so we get that wt(I) =
−U([i1, i2, . . . , ic]). Denote q = [i1, i2, . . . , ic], so that wt(I) = −U(q). The general node θ1 , 〈σ1, q〉
describes the node that receives the message chain that is sent at σ1 and goes along q. According to the
upper bounds we have that timer(θ1) ≤ timer(σ1) +U(q), thus timer(σ1) ≥ timer(θ1) + (−U(q)), and
so we get that (R, r) |= θ1
wt(I)−−→ σ1. The result is that I defines a constraint between θ1 (which is constructed
according to I) and σ1. More formally we define:
Definition 17. Let I = (ψic , ψic−1 , . . . , ψi2 , σ1) be a path in GE(r, σ), where σ1 is an i1-node. Then we
say that I is a constraint-path in GE(r, σ) between 〈σ1, [i1, i2, . . . , ic]〉 and σ1.
Such path defines a σ-visible zigzag:
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Lemma 10. Let I = (ψic , ψic−1 , . . . , ψi2 , σ1) be a path inGE(r, σ), where σ1 is an i1-node. Then there is a
σ-visible zigzag Z between 〈σ1, [i1, i2, . . . , ic]〉 and σ1, where wt(Z) = wt(I), and where head(Z) r σ.
Proof. We construct a two-legged forkF so that base(F ) = head(F ) = 〈σ1, i1〉 and tail(F ) = 〈σ1, [i1, i2, . . . , ic]〉.
We define Z = (F ). As base(F ) = head(F ) = σ1  r σ, Z is a σ-visible zigzag. Moreover, wt(Z) =
wt(F ) = −U([i1, i2, . . . , ic]) = wt(I).
Next, we have a path of type 2, i.e. a path whose both endpoints are basic nodes. Note that a path that
contains only basic nodes (and no auxiliary nodes), clearly defines a constraint between the basic nodes at
its ends, as such path is also found in GB(r). But, what happen when in the middle of a path of basic nodes,
we add a walk through auxiliary nodes? For example, consider the following path: Q = [σi, ψi, ψk, σj ].
Note that we can go from σi to ψi only if they belong to the same process (process i) and σi is a boundary
node w.r.t σ. The weight of the respective edge is 1. From ψi to ψk we walk on an edge of weight −Uki,
and from ψk to σj there is an edge with weight −Ujk only if a message that is sent at σj to process k, isn’t
received in the past of σ. This message is received at the σ-recognized node 〈σj , [j, k]〉, and this node must
appear no later than Ujk after σj . 〈σj , [j, k]〉 will send a message to agent i, and the i-node that will receive
that message, 〈σj , [j, k, i]〉, must appear no later than Uki afterwards. Now, as 〈σj , [j, k, i]〉 cannot be in the
past of σ, it must appear after σi, i.e. at least 1 time unit after it. We denote θi = 〈σj , [j, k, i]〉. So, we have
that (i) timer(σi) + 1 ≤ timer(θi) and (ii) timer(θi) ≤ timer(σj) + Ujk + Uki. Thus, timer(σi) + 1 ≤
timer(σj) +Ujk +Uki, and timer(σi) + (1−Ujk −Uki) ≤ timer(σj). Note that wt(Q) = 1−Ujk −Uki,
thus timer(σi) + wt(Q) ≤ timer(σj) and indeed the path Q defines a constraint between σi and σj (its two
endpoints). Generalizing the last result, we can see how a path Q′ whose both ends are basic nodes, say σ1
and σ2, defines a constraint between σ1 and σ2, i.e. timer(σ1) + wt(Q′) ≤ timer(σ2). More formally we
define:
Definition 18. Let Q be a path in GE(r, σ). If both the first and last nodes of Q are basic nodes, say σ1 and
σ2 respectively, then we say that Q is a constraint-path in GE(r, σ) between σ1 and σ2.
Such path defines a σ-visible zigzag:
Lemma 11. LetQ be a path inGE(r, σ) whose first node is σ1 and last node is σ2, where both σ1 and σ2 are
basic nodes from past(r, σ). Then there is a σ-visible zigzag Z between σ1 and σ2, where wt(Z) = wt(Q),
and where head(Z) r σ.
Proof. We can divide Q to alternate segments of paths: A segment along original (basic) nodes (from
GB(r, σ)), followed by a segment along auxiliary nodes, and then another segment along original nodes and
so on. We define those segments such that they all begin and end at an original node (we can do so as Q
begins and ends at original nodes). So, assume that Q is the concatenation Q = P0  S1  P1  S2 
P2  . . . Pk where (1) the last node of each segment is the first node of the following segment, (2) Pi, for
0 ≤ i ≤ k, contains only basic nodes, and Si, for 1 ≤ i ≤ k, contains only auxiliary nodes, (3) P0 starts at
σ1, and (4) Pk ends at σ2. We prove that looking at a prefix of Q that is constructed by the first d = 2m+ 1
segments, we have a σ-visible zigzag Zm between σ1 and the last node of Pm, with a weight equals to the
weight of the prefix, and head(Zm) r σ. We prove this for every m, and so there is also a σ-visible zigzag
Z between σ1 and σ2, with wt(Z) = wt(Q) and head(Z) r σ as required.
For m = 0 (d = 1) this is followed by Lemma 5, as P0 is also a path in GB(r). Let m > 0, and assume
that the above claim is true up to (m−1). I.e., we have a σ-visible zigzag (Zm−1) from σ1 to σ′, where σ′ is
the last node of Pm−1, and such that wt(Zm−1) is equal to weight of the first 2m− 1 segments of Q. Note
that head(Zm−1) = σ′  r σ.
The next segment is Sm. Assume that Sm = (σi, ψl1 , ψl2 , . . . , ψlk , σj). The only way we can go from
the original node, σi, to the following auxiliary node, ψl1 , is if σi is a boundary node of σ, and ψl1 is the
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auxiliary node of the same agent (and the weight of the relevant edge is 1). Afterwards, we can go from ψln
to ψln+1 only if (ln+1, ln) ∈ Chans. Generally, q = [lk, lk−1, . . . , l1] must be a path in Net. From ψlk we
can go to σj only if a message was sent at σj to process lk, and this message was not received in the past
of σ. Assuming that σj is a j-node, the result is that Sm represents the σ-recognized node θi = 〈σj , j · q〉
whose agent equals to the agent of the boundary node σi, and thus it must appear after it. And so we can
define a new two-legged fork Fm, where head(Fm) = base(Fm) = σj and tail(Fm) = θi, and such that
wt(Fm) = wt(Sm) − 1. As the head of the previous σ-visible zigzag (Zm−1) is σi, which comes before
the tail of Fm, we can concatenate them to a new σ-visible zigzag Z ′m, whose weight perfectly matches the
weight of the path Q up to (including) Sm, and head(Z ′m) = σj  r σ.
Next, observing Pm, note that it is also a path in GB(r), and by Lemma 5 there exists a zigzag pattern,
denoted by Z ′, in r, from the first node of Pm (σj) to its last node, with weight wt(Z ′) = wt(Pm). As all of
the nodes of Pm are from the past of σ, the zigzag is clearly σ-visible, with its head also in the past of σ. As
its tail is equal to the head of Z ′m, we can concatenate them and get a new σ-visible zigzag Zm with wt(Zm)
equals to the prefix of Q up to the end of Pm, as required.
Now assume we have a type 3 path: S = (σ2, ψj2 , ψj3 , . . . , ψjd) .
According to the definition of GE(r, σ), there is an edge between σ2 (a basic node from past(r, σ)) and
ψj2 only if σ2 is a boundary node of process j2, and then the edge between them has a weight of 1. Just as
in the case of type 1 paths, there is an edge between ψjk and ψjk+1 only if (jk+1, jk) ∈ Chans, and the edge
has a weight of −Ujk+1jk . Thus, it must be that (jk+1, jk) ∈ Chans for each 1 ≤ k ≤ d − 1. Note that
wt(ψj2 , ψj3 , . . . , ψjd) = −U([jd, jd−1, . . . , j2]).
Denote q = [jd, jd−1, . . . , j2], and note that wt(S) = 1 − U(q). Let θ′ = 〈σ′, p′〉 be a σ-recognized
node, where p′ is a non singleton path in Net that ends at process jd. Since p′ is not a singleton, and θ′
is a σ-recognized node, it must appear only after the boundary node of process jd from past(r, σ). Now
consider the node θ2 = θ′q. As θ2 is a node that receives a message chain from θ′, we have that timer(θ2) ≤
timer(θ
′)+U(q). θ2 is an j2-node, that must be outside past(r, σ), and so it must appear after the boundary
node of process j2, and we have that timer(σ2) + 1 ≤ timer(θ2). Combining the two inequalities, we get
that timer(σ2) + 1 ≤ timer(θ′) +U(q), thus timer(σ2) + (1−U(q) ≤ timer(θ′). As wt(S) = 1−U(q)
we get that (R, r) |= σ2
wt(S)−−→ θ′. The result is that S defines a constraint between σ2 (it’s first node) and a
σ-recognized node, θ′, which is an arbitrary σ-recognized node whose message chain ends at the process of
the last auxiliary node in S.
More formally we define:
Definition 19. Let S = (σ2, ψj2 , ψj3 , . . . , ψjd) be a path in GE(r, σ), where σ2 is a j2-node, and let
θ′ = 〈σ′, p′〉 be a σ-recognized node. If p′ is a non singleton path in Net that ends at process jd, then we
say that S is a constraint-path in GE(r, σ) between σ2 and θ′.
Such path defines a σ-visible zigzag:
Lemma 12. Let S = (σ2, ψj2 , ψj3 , . . . , ψjd) be a constraint-path between σ2 and θ′ in GE(r, σ). Then
there is a σ-visible zigzag Z between σ2 and θ′ where wt(Z) = wt(S).
Proof. We define a new trivial two-legged fork F1 where head(F ) = base(F ) = tail(F ) = 〈σ2, j2〉. Now,
assume that θ′ = 〈σ′, p′〉, where the last process of p′ is jd. Define q = [jd, jd−1, . . . , j2]. Note that
wt(S) = 1 − U(q). We define a second two-legged fork F2 where head(F2) = base(F2) = 〈σ′, p′〉, and
tail(F2) = 〈σ′, p′q〉. Note that wt(F2) = −U(q).
We can now define the zigzag pattern Z = (F1, F2). As F1 and F2 are not joined, wt(Z) = wt(F1) +
1 + wt(F2) = 1−U(q) = wt(S). As head(F1) = σ2  r σ and base(F2) = 〈σ′, p′〉 where σ′  r σ, then
Z is a σ-visible zigzag, as required.
30
Finally, assume we have a type 4 path. Type 4 are paths that contain only auxiliary nodes. Assume
that P = (ψid , ψid−1 , . . . , ψi1), and define q = [i1, i2, . . . , id]. Note that wt(P ) = −U(q). Let θ1 and
θ2 be two σ-recognized nodes, such that θ1 = θ2q. Clearly timer(θ1) ≤ timer(θ2) + U(q), and so
timer(θ2) ≥ timer(θ1) + (−U(q)) = timer(θ1) + wt(P ), and we get that P defines constraint between θ1
and θ2.
More formally we define:
Definition 20. Let P = (ψid , ψid−1 , . . . , ψi1) be a path in GE(r, σ), and let θ1 and θ2 be two σ-recognized
nodes. Define q = [i1, i2, . . . , id]. If θ1 = θ2q, we say that P is a constraint-path from θ1 to θ2.
Such path defines a σ-visible zigzag:
Lemma 13. Let θ1 and θ2 be two σ-recognized nodes, such that θ1 = θ2q, and let P be a (type 4)
constraint-path between θ1 and θ2. Then there is a σ-visible zigzag Z between θ1 and θ2 where wt(Z) =
wt(P ).
Proof. We construct a two-legged fork F so that base(F ) = head(F ) = θ2 and tail(F ) = θ1 = θ2q.
Assume that θ2 = 〈σ2, p2〉, and that P = (ψid , ψid−1 , . . . , ψi1), so that q = [i1, i2, . . . , id]. As σ2  r σ and
base(F ) = θ2 = 〈σ2, p2〉, then Z = (F ) is a σ-visible zigzag with wt(Z) = wt(F ) = −U(q) = wt(P ) as
required.
Every path in GE(r, σ) can be uniquely represented by exactly one of the following:
• Joined concatenation of type 1 and type 2 paths.
• Joined concatenation of type 1,2 and 3 paths.
• Type 4 path.
We use above the term Joined concatenation whereby the last node of a path is also the first node of the
following path. Recall that type 1 and 2 might contain only a single node, and the same goes for a joined
concatenation of them.
For a single path of each type, we defined above the nodes between which there is a corresponding
constraint-path, and proved the existence of a corresponding σ-visible zigzag. We shall now do the same
when concatenating the different types (the two first options in the list above). The first concatenation is of
type 1 and type 2 paths:
Definition 21. Let I be a type 1 path that is a constraint-path from θ1 to σ1, and let Q be a type 2 path from
σ1 to σ2. We say that P = IQ is a constraint-path in GE(r, σ) between θ1 and σ2.
Such path defines a σ-visible zigzag:
Lemma 14. Let I be a type 1 path that is a constraint-path from θ1 to σ1, and let Q be a type 2 path from
σ1 to σ2. Then there exists a σ-visible zigzag Z between θ1 and σ2 where wt(Z) = wt(IQ).
Proof. This follows directly by concatenating the zigzags we get from Lemmas 10 and 11.
The second concatenation is of type 1, 2 and 3 paths. To keep it simple, we say that P = IQ, which is
a concatenation of type 1 and 2 paths, is called type 5 path.
Definition 22. Let P ′ be a type 5 path that is a constraint-path from θ1 to σ2, and let θ′ be a node and S be
a type 3 path such that S is a constraint-path from σ2 to θ′. We say that P = P ′S is a constraint-path in
GE(r, σ) between θ1 and θ′.
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Such path defines a σ-visible zigzag:
Lemma 15. Let P ′ be a type 5 path that is a constraint-path from θ1 to σ2, and let θ′ be a node and S be a
type 3 path such that S is a constraint-path from σ2 to θ′. Then there exists a σ-visible zigzag Z between θ1
and θ′ where wt(Z) = wt(P ′S).
Proof. This follows directly by concatenating the zigzags we get from Lemmas 12 and 14.
In the definitions we have seen above, any constraint-path P between two nodes, θ and θ′, in GE(r, σ)
implies a σ-visible zigzag Z between these two node, with wt(Z) = wt(P ). We generalize it in the
following lemma:
Lemma 16. Let r ∈ R, let σ be a node of r and let θ1 and θ′1 be σ-recognized nodes. Moreover, let
θ2 = θ
′
1 · p′ be another σ-recognized node. If P is a constraint-path in GE(r, σ) between θ1 and θ′1, then
there exists a σ-visible zigzag Z in r, between θ1 and θ2, with wt(Z) = wt(P ) +L(p′)
Proof. We already know that if P is a constraint-path in GE(r, σ) between θ1 and θ′1, then there exists a
σ-visible zigzag Z ′ in r, between θ1 and θ′1, with wt(Z ′) = wt(P ). As θ2 = θ′1 · p′, it directly follows that
we can define θ2 to be the head of the topmost two-legged fork of Z ′ (instead of θ′1), and get a new σ-visible
zigzag, Z, between θ1 and θ2, with wt(Z) = wt(P ) +L(p′) as required.
Let θ1 and θ2 be σ-recognized nodes in r. If we can find a path in GE(r, σ) that will give us a σ-visible
zigzag Z from θ1 to θ2 (according to Lemmas 13 to 15), and we can construct a valid run r′ ∼σ r where
timer′(θ2)−timer′(θ1) = wt(Z), then we can prove Theorem 4. We can do so because ifKσ(θ1 x−−→ θ2) and
r′ ∼σ r, then (R, r′) |= θ1 x−−→ θ2, and as Z is also a zigzag in r′, where wt(Z) = timer′(θ2)− timer′(θ1),
it must be that wt(Z) ≥ x as required.
In a similar manner to the proof of Theorem 2, for a given θ1 we find a single timing (and a single run)
that will give us the required results for any other node θ2. But, what happens if for some node θ2 we cannot
find a path in GE(r, σ) that will give us the corresponding zigzag? For example, assume that θ1 = 〈σ1, i〉,
and θ2 = 〈σ2, j〉, so that both θ1 and θ2 are in the past of σ. In this case, it can be seen that if there is
no path in GE(r, σ) from σ1 to σ2, then there is no constraint-path between θ1 and θ2. In such case there
is no constraint for how early θ2 can appear before θ1 (but maybe only constraint on how much late it can
appear), and so σ cannot know statements of the form θ1
x−−→ θ2 as we can find an equivalent run in which
θ2 appears less than x after θ1, for any x. For those nodes, like θ2 in this example, we will define the timing
using a parameter that controls how early those nodes will appear.
Let σ′ be a basic node such that σ′  r σ, and let GB(r, σ) = (V,E) and GE(r, σ) = (V ′, E′). We
divide the nodes from V ′ to four sets w.r.t σ′:
• V rσ (σ′) = {σ′′ ∈ V : there is a path from σ′ to σ′′}
• V rσ(σ′) = {σ′′ ∈ V : there is no path from σ′ to σ′′}
• Arσ(σ′) = {ψ ∈ V ′ − V : there is a path from σ′ to ψ}
• Arσ(σ′) = {ψ ∈ V ′ − V : there is no path from σ′ to ψ}
Now we define the promised timing function. This timing function defines the times of nodes from
V rσ (σ
′) and Arσ(σ′) to be according to the longest paths from σ′ to them, and it define the times of nodes
from V rσ(σ
′) to be according to the longest paths from them to σ (this is done just to make sure they receive
a valid timing) and at least γ (a timing parameter) before the earliest node from V rσ (σ
′). As we shall see,
there is no importance for the nodes of Arσ(σ
′).
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Definition 23 (Fast-Timing). Let r ∈ R, γ ∈ N, σ be a node of r, and let GE(r, σ) = (V ′, E′,W ′).
Moreover, let θ′ = 〈σ′, p′〉 be a σ-recognized node. The γ-Fast timing of θ′ in r w.r.t σ, Tγ [r, σ, θ′], is
defined as follows:
For each σ′′ ∈ V rσ (σ′), define d(σ′′) to be the weight of the longest path from σ′ to σ′′ in GE(r, σ). The
same goes for each ψ ∈ Arσ(σ′).
For each σ′′ ∈ V rσ(σ′), define f(σ′′) to be the weight of the longest path from σ′′ to σ in GE(r, σ).
Denote F1 = max{f(·)}, F2 = min{f(·)} andD = min{d(·)}. If V rσ(σ′) = Ø, then define F1 = F2 = 0.
We define Tγ [r, σ, θ′] : V ′ → N such that:
• If σ′′ ∈ V rσ(σ′), then Tγ [r, σ, θ′](σ′′) = F1 − f(σ′′).
• If σ′′ ∈ V rσ (σ′), then Tγ [r, σ, θ′](σ′′) = 1 + F1 − F2 + γ −D + d(σ′′).
• If ψ ∈ Arσ(σ′), then Tγ [r, σ, θ′](ψ) = 1 + F1 − F2 + γ −D + d(ψ).
• If ψ ∈ Arσ(σ′), then Tγ [r, σ, θ′](ψ) = 0.
The fast timing is a valid timing function w.r.t GE(r, σ), in the sense of Definition 10:
Lemma 17. Let r ∈ R, γ ∈ N, σ be a node of r, GE(r, σ) = (V ′, E′, w), and let θ′ be a σ-recognized
node. Define Tγ = Tγ [r, σ, θ′]. Then:
1. Tγ(v) ≥ 0 for any v ∈ V ′.
2. For each pair of nodes v1, v2 ∈ V ′, such that (v1, v2) ∈ E′, we have that Tγ(v2) ≥ Tγ(v1)+w(v1, v2).
3. If σi and σ′i are two i-nodes from the past of σ, and timer(σi) < timer(σ
′
i), then Tγ(σi) < Tγ(σ
′
i).
4. Let σ1 and σ2 be two basic nodes such that σ1 ∈ V rσ (σ′) and σ2 ∈ V rσ(σ′). Then Tγ(σ2) + γ < Tγ(σ1).
Proof. The first claim is immediate from the definition of Tγ . For the second claim, assume by way of
contradiction that there are (v1, v2) ∈ E′, where Tγ(v2) < Tγ(v1) + w(v1, v2).
If v1 ∈ V rσ (σ′) or v1 ∈ Arσ(σ′), then also v2 ∈ V rσ (σ′) or v2 ∈ Arσ(σ′), thus Tγ(v2) − Tγ(v1) =
d(v2)− d(v1) < w(v1, v2). Recall that d(v2) is the weight of the longest path from σ′ to v2. Let us observe
the following alternative path from σ′ to v2: We begin by walking on the longest path from σ′ to v1, whose
weight is d(v1), and then walk over the edge (v1, v2). And so we got a path from σ′ to v2 with weight of
d(v1) + w(v1, v2) > d(v2) contradicting the fact that d(v2) should be the longest path.
Otherwise, assume that only v2 ∈ V rσ (σ′) or v2 ∈ Arσ(σ′). By the construction of Tγ , the times of nodes
to whom there is a path from σ′ is always bigger than the times of those that don’t have such paths. Thus,
the only edge that can cause troubles is if (v1, v2) represents a message sending and receiving, where it has a
weight bigger than 1. However, in such case (v2, v1) ∈ E′ and then it cannot be that there is a path towards
v2 and not towards v1.
The last case is when there is no path from σ′ to both v1 and v2. If both are original nodes, then
Tγ(v2)− Tγ(v1) = f(v1)− f(v2) < w(v1, v2). Recall that f(v1) is the weight of the longest path from v1
to σ. Let us observe the following alternative path from v1 to σ: We begin by walking on (v1, v2) and then
along the longest path from v2 to σ, whose weight is f(v2). And so we got a path from v1 to σ with weight
of f(v2) + w(v1, v2) > f(v1) contradicting the fact that f(v1) should be the longest path.
Otherwise, if both nodes are auxiliary nodes, the claim is trivially true as Tγ(v2) − Tγ(v1) = 0 and
clearly w(v1, v2) < 0. It is even stronger if v1 is auxiliary and v2 is original, as then Tγ(v2) − Tγ(v1) > 0
while still w(v1, v2) < 0. The last case is when v2 is auxiliary and v1 is original. As v2 ∈ Arσ(σ′), then there
is no path in GE(r, σ′) to v2. However, as σ ∈ V rσ (σ′), that means that there is no path from σ to v2. This is
possible only if there is no path in Net between from the agent of v2 to the agent of σ, which means that no
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node of the agent of v2 can be in σ’s past, so there cannot be an original node v1 such that (v1, v2) is an edge.
The third claim is immediate from the second claim, as there is a 1 weight edge between successive
nodes of the same agent.
Concerning the last claim: Tγ(σ1)−Tγ(σ2) = γ+1+(f(σ2)−F2)+(d(σ1)−D). Note that F2 ≤ f(σ2)
and D ≤ d(σ1), and so we get that Tγ(σ1)− Tγ(σ2) > γ as required.
Based on the fast-timing, we create a full run:
Definition 24 (Fast run). Let r ∈ R, γ ∈ N, σ be a node of r and let θ′ be a σ-recognized node. Define
Tγ = Tγ [r, σ, θ
′]. The γ-fast run of θ′ in r, r′ = fastγσ(r, θ′), is defined inductively as follows: For m = 0,
r’(0)=r(0). For m > 0, assume that we have the global states of r′ up to time m − 1. We have to decide
what the environment does at time m with messages in transit. Let µ be such message, that is sent in r′ by
the i-node σi at time tµ to agent j.
1. If σi  r σ, and its message to j is received in r by a node σj  r σ, then deliver µ only ifm = Tγ(σj).
Otherwise,
2. Assume that θ′ = 〈σ′, p′〉. If µ is a message that is sent by a node θ′′ = 〈σ′, p′′〉 in r′, where p′′ · j is
a prefix of p′, then deliver µ only if m = tµ +Uij . Otherwise,
3. If m ≥ max(tµ +Lij, Tγ(ψj)), then deliver µ. Otherwise, don’t deliver µ at time m.
Concerning external inputs (messages from the environment), deliver such to an agent j ∈ Procs only if
m = Tγ(σj) for some j-node σj  r σ that receives that external input in r.8
Lemma 18. Let r ∈ R, γ ∈ N, let σ be a node of r and let θ′ = 〈σ′, p′〉 be a σ-recognized node, where
timer(θ
′) > 0. Define r′ = fastγσ(r, θ′). Then:
1. r′ ∈ R
2. r′ ∼σ r
3. Let σ1 be a basic node such that σ1  r σ, and timer(σ1) > 0. Then timer′(σ1) = Tγ(σ1).
4. Let σ1 and σ2 be two basic nodes such that σ1 ∈ V rσ (σ′) and σ2 ∈ V rσ(σ′). Then timer′(σ2) + γ < timer′(σ1).
5. Let θ2 = 〈σ2, p2〉 be a σ-recognized node, where σ2 ∈ V rσ (σ′). Then there exists another σ-recognized
node θ′1 such that (i) θ2 = θ′1p′1, (ii) there is a constraint-path P in GE(r, σ) between θ′ and θ′1, and
(iii) timer′(θ2)− timer′(θ′) = wt(P ) +L(p′1).
Proof. We prove by induction on m that:
1. The prefix of r′ up to time m is a prefix of a legal run inR, and
2. Let p′′ be a prefix of p′ (the path that defines θ′). If timer′(〈σ′, p′′〉) = m, then m = Tγ(σ′) +U(p′′).
3. For all j ∈ Procs:
• If m = Tγ(σj) for some j-node σj  r σ, then (j, r′j(m)) = σj and timer′(σj) = m.
8 While we often refer to the run r, in many cases it uses only for clarity, and not truly required. For example, there is no need
to mention r when discussing the messages that σ receives, as σ already contains this information
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• Otherwise, if m 6= Tγ(σj) for every j-node σj  r σ, and m < Tγ(σj) for some j-node
σj  r σ, then no messages are delivered to agent j (so its local state remains the same).
At m = 0, the claims are true:
1. we have that r′(0) = r(0) ∈ G0, so the prefix of r′ at time 0 is also a prefix of r ∈ R;
2. If timer′(〈σ′, p′′〉) = 0, then it must be that p′′ is a singleton and σ′ is an initial node of r′ (a node
from time 0). However, as r′(0) = r(0), σ′ will be in this case also an initial node of r. According
to the definition of the model, initial nodes never send messages (basic nodes send messages only at
the moment they receive one, but initial nodes never receive messages, as they cease to exist once a
message is received). Thus, if timer(σ′) = 0, no message chain can leave σ′ in r. As θ′ = 〈σ′, p′〉, it
means that p′ must be a singleton in this case, and so timer(θ′) = timer(σ′) = 0. However, recall that
timer(θ
′) > 0, and so σ′ cannot be an initial node in r and r′, and we get that timer′(〈σ′, p′′〉) 6= 0
for any prefix p′′ of p′; and
3. Assume that Tγ(σj) = 0 holds for some j-node σj  r σ. If σj is not an initial node in r, it must have
a predecessor, say σ′j , where also σ
′
j  r σ, and timer(σ′j) < timer(σj). From Lemma 17 we get in
this case that Tγ(σ′j) < Tγ(σj) = 0, contradicting the positiveness of Tγ . Thus, σj must be an initial
node in r. As r′(0) = r(0), we have that σj is an initial node of r′ as well, and so timer′(σj) = 0 as
required. The last claim is trivially true, as no messages are delivered at time 0.
Let m > 0, and assume that the claims are true up to time m− 1.
For the validity of r′ at m, we must make sure that no message is delivered before its lower bound, or
is remained in transit if its upper bound will pass. Let µ be a message that is sent in r′ by the i-node σi at
time tµ < m to agent j, and that is still in transit before time m. In the fast run definition there are three
conditions that describe if µ will be delivered at m or don’t. concerning the first condition, if σi  r σ, then
by the induction tµ = timer′(σi) = Tγ(σi). if this message is received in r by a node σj  r σ, then it will
be delivered at m′ = Tγ(σj). By lemma 17, Lij ≤ Tγ(σj) − Tγ(σi) ≤ Uij and so Lij ≤ m′ − tµ ≤ Uij .
Thus, the message µ will be delivered in bounds, and in particular if m = Tγ(σj) then it will be delivered
at m.
Delivery of a message according to the second condition is promised to be in the upper bound, hence
inside bounds. The third condition promises to obey the lower bound but possibly not the upper bound, if
tµ + Uij < Tγ(ψj). If σi  r σ, then it must be that µ is received in r outside the past of σ, or otherwise
we would have stopped in the first condition. So, if indeed σi  r σ, then (ψj , σi) is an edge in GE(r, σ)
with weight of −Uij , and as the fast timing is a valid timing, it must be that Tγ(ψj)−Uij ≤ Tγ(σi) = tµ,
so that tµ +Uij ≥ Tγ(ψj) so it won’t be delivered behind the upper bound.
Otherwise, if σi 6 r σ, then σi sent µ after receiving another message. It has received that other mes-
sage following either the second condition or the third. If it was due to the third condition, then it must
be that tµ ≥ Tγ(ψi). As Tγ(ψj) − Uij ≤ Tγ(ψi), then once again we get that tµ + Uij ≥ Tγ(ψj). Re-
call that θ′ = 〈σ′, p′〉. If σi received a message due to the second condition, then there exists some path
p′′ = [i0, i1, . . . , ic] which is prefix of p′ (the path that defines θ′), where ic = i and i0 is the agent of σ′. By
the induction, it follows that tµ = timer′(σi) = Tγ(σ′)+U(p′′). Note that (ψi, ψic−1 , . . . , ψi1 , σ′) is a path
in GE(r, σ) with weight of −U(p′′), hence Tγ(ψi) − U(p′′) ≤ Tγ(σ′) and so Tγ(ψi) ≤ tµ. Combining it
with the fact that Tγ(ψj)−Uij ≤ Tγ(ψi), we get for the last time that tµ +Uij ≥ Tγ(ψj) as required.
For the second claim of the induction, let p′′ be a prefix of p′ (the path that defines θ′). Assume that
p′′ = p′′′ · j and that m = timer′(〈σ′, p′′〉). This means that the node 〈σ′, p′′′〉 (we assume it is an i-node)
sent a message to agent j, and that message was delivered in r′ at time m. This delivery must be according
to the second delivery rule in the definition of r′, thus m = timer′(〈σ′, p′′′〉) + Uij . By the induction, we
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get that timer′(〈σ′, p′′′〉) = Tγ(σ′) + U(p′′′), and so m = Tγ(σ′) + U(p′′′) + Uij = Tγ(σ′) + U(p′′) as
required.
Next, we want to prove the third claim of the induction. Assume that m = Tγ(σj) for some j-node
σj  r σ. By the induction, j didn’t receive any message since the last m′ < m for which m′ = Tγ(σ′j) for
some j-node σ′j  r σ, or otherwise, if there is no such m′, then since m′ = 0. By Lemma 17, that previous
σ′j is the node that comes before σj in r (or ifm
′ = 0, then σj is the first node of j in r, after the initial node).
Now we must prove that the messages that are delivered in r′ at m to j are exactly the messages that are
delivered to σj , and then it follows that (j, r′j(m)) = σj and that timer′(σj) = m. Observing all the nodes
that send the messages to σj , their timings is before m, and thus by the induction they appear in r′, and as
we have seen above these messages will be delivered at m. We still must prove that no other messages are
delivered in r′ to j at m. Clearly no other message that is received in the past of σ will be delivered here
(according to the first condition of delivering messages in the fast run). We still have to prove that it is true
for the two other conditions. The third condition is easy, as m = Tγ(σj) < Tγ(ψj) thus no such message
will be delivered atm. Concerning the second condition, assume that there is some message that is sent in r′
to agent j from a node 〈σ′, p′′〉, where q = p′′ · j is a prefix of p′ (the path that defines θ′). If this message is
received at time m, then we have seen that m = Tγ(σ′) +U(q). From similar reasons that described above
it must be that Tγ(ψj)−U(q) ≤ Tγ(σ′), and so m = Tγ(σ′) +U(q) ≥ Tγ(ψj) contradicting the fact that
m = Tγ(σj) < Tγ(ψj).
Even if m 6= Tγ(σj) for every σj  r σ, but there is some σ′j  r σ such that m < Tγ(σ′j), then our last
analysis still applies, as m < Tγ(σ′j) < Tγ(ψj), so there will be no messages delivered to j at m in such
case. Thus, we proved the induction, which proves the first three claims of Lemma 18. The fourth claim
follows directly from the third claim and from Lemma 17.
Now we shall prove the last claim of Lemma 18. Recall that θ′ = 〈σ′, p′〉, and let θ2 = 〈σ2, p2〉 be
a σ-recognized node, where σ2 ∈ V rσ (σ′). We want to prove that there exists another σ-recognized node,
θ′1, such that (i) θ2 = θ′1p′1, (ii) there is a constraint-path P in GE(r, σ) between θ′ and θ′1, and (iii)
timer′(θ2)− timer′(θ′) = wt(P ) +L(p′1).
Assume that p′ = [i0, i1, . . . , ic] (so that σ′ is an i0-node). According to the second condition of message
delivery in the fast run, we get that timer′(θ′)− timer′(σ′) = U(p′). Note that I = (ψic , ψic−1 , . . . , ψi1 , σ′)
is a type 1 path, that is also a constraint-path from θ′ to σ′, with wt(I) = −U(p′) = timer′(σ′)− timer′(θ′).
First, lets assume that p2 is a singleton, so effectively θ2 = σ2. Note that σ′ is not an initial node, as we
assume that timer(θ′) > 0, and message chains cannot leave an initial node. As in GE(r, σ) there are no
edges that enter initial nodes, there cannot be paths from σ′ to initial nodes. Thus, as σ2 ∈ V rσ (σ′), it must
be that timer(σ2) > 0. By the third claim, we have that timer′(σ2) = Tγ(σ2) and timer′(σ′) = Tγ(σ′),
and so timer′(σ2) − timer′(σ′) = Tγ(σ2) − Tγ(σ′) = d(σ2). By the definition of the fast timing, d(σ2)
is the weight of a (longest) type 2 path, Q, in GE(r, σ) from σ′ to σ2. Thus, we have that wt(Q) =
timer′(σ2) − timer′(σ′). We can concatenate I and Q, and get a constraint-path P = IQ from θ′ to σ2
with wt(P ) = wt(I) + wt(Q) = timer′(σ2)− timer′(θ′). We choose θ′1 = θ2 = σ2, and we are done.
Assume otherwise, that p2 is not a singleton. The messages in the message chain that leaves σ2 and
goes along p2 are received according to the second and third conditions of message delivery in the definition
of r′. We choose to paths in Net, p′1 and p′2, such that (i) p2 = p′2p′1 and (ii) denoting θ′1 = 〈σ2, p′2〉
(so that θ2 = θ′1p′1), we have that all the messages in the message chain that leaves θ′1 and goes along p′1
are received in their lower bound (according to the third condition of message delivery), and where the last
message that is received by θ′1 from the message chain that leaves σ2 and goes along p′2, is not received in its
lower bound. If there are no messages that are received in the lower bound along p2, then we choose p′1 to
be a singleton, and θ′1 = θ2. If there are only messages that are received in the lower bound along p2, then
we choose p′2 to be a singleton, and θ′1 = σ2. Note that timer′(θ2) − timer′(θ′1) = L(p′1). We must prove
now that there is a constraint-path P from θ′ to θ′1 with wt(P ) = timer′(θ′1)− timer′(θ′) and we are done.
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Now there are three options: (1) All the above mention messages are received in the lower bound,
otherwise (2) the last message that is received at θ′1 is received according to the second condition of message
delivery in r′, i.e. in its upper bound, or otherwise (3) the last message that is received at θ′1 is received by
the limitation of the timing of some auxiliary node (in the third condition of message delivery in r′).
In the first case, we have that θ′1 = σ2, and just as the case where p2 was a singleton, we can find a path
P from θ′ to σ2 where timer′(θ′1)− timer′(θ′) = wt(P ), as required.
In the second case, according to the definition of r′ it must be that σ2 = σ′ and that p′2 is a prefix of
p′. So, assume that p′ = p′2p′′, and that p′′ = [l1, l2, . . . , le]. Note that P = (ψle , ψle−1 , . . . , ψl1) is a
constraint-path (type 4) from θ′ to θ′1, and that timer′(θ′1)− timer′(θ′) = −U(p′′) = wt(P ), as required.
Considering the last case, assume that θ′1 is a j-node, so that timer′(θ′1) = Tγ(ψj). Clearly Tγ(ψj) > 0,
or otherwise r′ wouldn’t be valid, and so ψj ∈ Arσ(σ′). Thus, there is a path from σ′ to ψj in GE(r, σ).
Define σ′′ to be the last basic node on that path. We can divide this path to a type 2 path, Q, from σ′
to σ′′, and a type 3 path, S, from σ′′ to ψj . Note that S defines a constraint-path between σ′′ and θ′1.
Concerning the weights of these paths, we have that wt(Q) = d(σ′′) and wt(S) = d(ψj) − d(σ′′), where
d(·) is the weight of the longest path from σ′ to the relevant node. We can combine the type 1 path I (the
constraint-path from θ′ to σ′, with wt(I) = −U(p′)), the type 2 path Q (from σ′ to σ′′) and the type 3
path S (the constraint-path from σ′′ to θ′1), and get a new path, P , that is a constraint-path from θ′ to θ′1.
Note that wt(P ) = (−U(p′)) + (d(σ′′)) + (d(ψj) − d(σ′′)) = d(ψj) − U(p′), and that timer′(θ′1) −
timer′(σ
′) = Tγ(ψj)− Tγ(σ′) = d(ψj). We already know that timer′(σ′)− timer′(θ′) = −U(p′), and so
timer′(θ
′
1)− timer′(θ′) = d(ψj)−U(p′) = wt(P ) as required.
Combining the results of Lemmas 16 and 18, we can get the following result:
Corollary 1. Let r ∈ R, γ ∈ N, σ be a node of r and let θ′ be a σ-recognized node, where timer(θ′) > 0.
Define r′ = fastγσ(r, θ′). Let θ2 = 〈σ2, p2〉 be a σ-recognized node, where σ2 ∈ V rσ (σ′). Then there is a
σ-visible zigzag in r from θ′ to θ2, with weight that equals to timer′(θ2)− timer′(θ′).
Finally, we are ready to prove Theorem 4:
Proof of Theorem 4. Let R = R(P, γ) and suppose that P is an FFIP. Moreover, let σ be a basic node
of r ∈ R, let x ∈ Z, and let θ1 = 〈σ1, p1〉 and θ2 = 〈σ2, p2〉 be σ-aware nodes in r, such that both
timer(θ1) > 0 and timer(θ2) > 0. Recall that θ′ = 〈σ′, p′〉 can be a σ-aware node only if σ′  r σ.
Thus, since θ1 and θ2 are σ-aware nodes, we have that both σ1  r σ and σ2  r σ. Assume that
(R, r) |= Kσ(θ1 x−−→ θ2). Concerning σ2, the basic node of θ2 in r, either σ2 ∈ V rσ (σ1) or σ2 ∈ V rσ(σ1).
First, assume that σ2 ∈ V rσ (σ1). Define r′ = fast0σ(r, θ1). According to the definition of knowledge,
as r′ ∼σ r (by Lemma 18) and (R, r) |= Kσ(θ1 x−−→ θ2), we have that (R, r′) |= θ1 x−−→ θ2. Thus,
timer′(θ1) + x ≤ timer′(θ2). By Corollary 1 we can conclude that there is a σ-visible zigzag from θ1 to θ2
in r with weight of timer′(θ2)− timer′(θ1) ≥ x as required.
If σ2 ∈ V rσ(σ1), then define γ = max(0,U(p2) − L(p1) − x) and r′′ = fastγσ(r, θ1). Once again,
(R, r′′) |= θ1 x−−→ θ2 and thus timer′′(θ1) + x ≤ timer′′(θ2). However, we will prove that in contrast
timer′′(θ2) < timer′′(θ1) + x, and so it cannot be that σ2 ∈ V rσ(σ1). By Lemma 18, as σ2 ∈ V rσ(σ1) and
σ1 ∈ V rσ (σ1), we get that timer′′(σ2) < timer′′(σ1)− γ. Note that timer′′(θ2) ≤ timer′′(σ2) +U(p2) and
timer′′(σ1) ≤ timer′′(θ1)−L(p1). Combining the last three inequalities, we get that:
timer′′(θ2) ≤ timer′′(σ2) +U(p2) < timer′′(σ1)− γ +U(p2) ≤ timer′′(θ1)−L(p1) +U(p2)− γ
Note that γ ≥ U(p2)−L(p1)− x, hence −L(p1) +U(p2)− γ ≤ x, and so timer′′(θ2) < timer′′(θ1) + x,
as claimed.
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